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ing the Firſt Rudiments of GroMETRY ; the 
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Author hereof, the Reverend Mr. HA,. 
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xr. HILL, has taken Laydable Pains, to 
render it as plain and eaſie to the Read 
as the Nature of the I hing admits of. 
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n it, as: upon an Immoveable Pillar, is Super- 
"an the — Spacious Science of "the" Mathema- 
ticks ; which ſo fully comprehends the Grounds ani 
Principles of all Arts, that there is hardly * | 
e not in need of irs kind Aﬀiſtatice, | * 


Fo GzontTRY we owe the miley Pegs, that 
Has been already made in Staticks, Fhdroſtaticks, Op- 
ticks, Gnomonicks, Gunnery, Navigation, and all other In- 
feriour Branches of the Mathematicks ; nor are we leſs 
beholden to it for the Diſcovery — New and 
Surpriſing Phenomina ; fot the Explanation of the Laws 
the Celefial Bodies obſerve in their Motions ; and for 
the Inveſtigation | of their true and Phyſical ' Cauſes. | 


TRE ELEMENTS 1 here preſent YouR Gagen, ate 
the Firſt Rudiments of that Divine and Boundleſs Science, 
which, like the great LUMINaRy, the SUN, extends it 
ſelf from Pole to Pole, and ſcatters its Light through- 
out all the Labyrinchs of Humane Learning. They 
are, My Lokp, * Firſt Principles of that Sublime and 
Noble Science, which has had the good Fortune not d 
to be Univerſally receiv d, but to be Admir d alſo and 
Encourag d, by the reareſt and * eminent . | 
In all Ages and all Nations, _ 


Ma'r it lea Your GRACE, Seite 1 5 
following Sheets into your 1 and Protection,; 
they being the Firſt Rudiments of that Science, Which 
gqualibes . that underſtand. it for all Employ- 


Epiſtle Dedicatory. 


ments, and renders them Ingenuous in all Profeſſions. 
May the Uſefulneſs of the Subject recommend them 
ro YOUR GRACES Favour, whatever may be wanting, 
either in the Work or the Author. 


I ſhould, My Lon, offer at an Apology for pre- 
ſuming to throw in my poor Endeavours, among your 
Great and Important Affairs, did not the Work it ſelf 

int out its Patron, and lay a more than ordinary 


Claim to YOUR GRACES Protection. 


FO R, to whom, My LORD, can I ſo properly De- 


dicate a Book calculated, and intended for the Uſe and 


Benefit of the World, as to a Perſon who is always 
promoting the general Good of Mankind, and con- 
tinually employ d in the Service of the Publick? To 
whom can [I ſo well inſcribe a Work of ſo much In- 
tricacy, Labour, and Difficulty, as to a Perſon of YouR 
GRACES Penetration, Candour, and Humanity ? To 
whom can I with ſo much Juſtice ſend a Treatiſe of 
the Firſt Principles of almoſt every Art, as to One 
who is well acquainted with every Science, and adorn'd 
with Learning of every Sort? 


You, MyLorD, are the moſt proper Perſon, 
to introduce the Firſt Rudiments of Arts and Sciences 
to the Publick, and to recommend them to the 
Learned World; Learning being the Employment and 
Entertainment of your noble Mind. Such is your Af- 
fection for Arts, that you countenance and encourage 
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every Artiſt; And ſo great is your Reputation fot 
Learning, that you have the Honour to preſide over 
one of the moſt Learned Bodies in the Univerſe. 


. Mo cx more, My LoRD, might be alledg'd, for lay- 
ing this poor Performance at YOUR GRACES Feet, which 
is, I confeſs, infinitely unworthy of the Acceptance of - 
ſo great a Perſon, . and the Peruſal of ſo Judicious an 
Eye; but fearing leaſt I ſhould offend your Modeſty, 
and remembring how valuable every Moment muſt 
be to one of your High Birch, Rank, and Quality; 
I am the rather determin d to wave the Proſecution, 
and to rely upon YOUR GRACES Candour and Conde- 
ſcenſion. 


MAV the PRINCE of GEOMETRICIANS, the 
OMNI POTENT CREATOR of the Univerſe, 
J long preſerve YOUR GRACE, and may you long enjo 

that Affluence, which, like the SUN it ſelf, affords 
Warmth and Life to all about you. | | 
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ITA s, My LORD, is the ſincere Wiſh, and hearty | 
Prayer of him, who with the utmoſt Submiſſion and 
Reſvect, craves leave to Subſcribe himſelf 


YOuR GRACES, | 
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ul moſt Humble Servant, 
. Henry Hill. 
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PREFACE. 
IS expefed of thoſe who apjear in Publick, that they 3 

4 Le ths World à ſhort — of the Uſefulneſs of 9 


2 the Subjects upon which they Tea, of the chief Mo- 
MEH es which tnanc's them to Write, an of the Me- 
thods they have taken and made choice of in Writing. 


THIS that which is required of all Authars in General; 4 
but more eſpecially of thoſe, who undertake ' Subjetts, which are 
not only Intricate and Digficult in themſelves, but which have 
been often handled, and that by Mex of the greateſs Genius's, 
Judgments, and Abilities. 


THE Contents then. of of the following Sheets, — the Eirſt 
Rudiments ' of Geometry, the Lſefulneſs of the Subject, ill, 7 
preſume, aſ fear, from of Geometry itfelf , there being no 
Science whatſoever, that can afford . Delight or Entertain- 
ment to the Mind; that is ſö Extenſive and Unbounded' in its 
Uſe and Aptlication ; ; or that can lay a more juſt Claim, either 


1 Invention or the Improvement of all uſeful RY 
yp 


THE chief Motive which  induc*d me 15 ine, Was 1 
Uſefulneſs of the Subject upon which I Treat; it bei 2 
91 in 


finite 2 which aucrew frrom Geometry 
Gener-l, that led me to compoſe the enſuing Fenner and to ſet 
ation in ſuch 4 . Plain, and eie Mas. 
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ort every Demand 

ner, 45 mig bt neither burthen the Memory, nor the 
tat - — — 4 Student migbt procted with Euſe and Cheer. 
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of the Mathematicks, and which intitules thoſe that underſtand 
it bo f uch Penetration and Exatineſs, as fits and prepares them 
for all Employment. 

THE Method I have takes in Writing, is entirely new ; 
wholly different from any that has hitherto been made choice 


| of by any of the Interpreters F EUCLID, and ſuch as does 
Jo much require Intent and ſevere Thinking, as a have and 


uot 
eqſie Inſpection. 


THE Letter to avoid Obſcarity and Confuſion, * 3 — | 


Attention, which we have a general Averjuon to, and which di- 
ſturbs and diſtracts the Mind; I have ſet each, and every De- 
monſiration out in Lines, or Steps; ſo that the ſeveral Medium r 
that are neceſſary, in Order to inveſtigate the Truth of many 
Propoſitions, might no Ways or [erplex the Toung Geo- 


metrician; but that be might have a clear and perfect Nation 
and Idea, of the moſt Intricate ations in the ELEMENTS 
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of the Firſt Principles of real and true Philoſophy. 
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„Characters, and Abbreviations of Words, 
aled i in this BOOK. 


More, or to be added. 
Leſs, or to be ſubtracted. 
Multipl 1%. by. 
Divide 


A divided by B. 
The -firſt Step added to the ſecond Step. 


The firſt Step added to the Quantity 2 AB. 


The firſt Step wanting the ſecond Step. 


The firſt Step wanting the Quantity 2 A B. 


The firſt Step 
The firft Step multipl 
The firſt Step 


$| 


Equality, or equal to. 


Majority, or greater than. 


Minority, or leſs than. 


Parallel to. 
Therefore. 
| From. 


Angle. 


Angles. 


Right-angle. 
Right-angles. 


Triangle. 


Tria 


ngles. 
Perpendicular, and Perpendicular to. 
: 6 
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multiplyed by the ſecond Step. 
ed by the abſolute Number 2. 
by the ſecond Step. 
The firſt — divided by the abſolute 
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umber 2. 


v Roo: or the Extracting of Roots from any given Power. 
1 The bqadcing of any Quantity, or Involving of it to the 


Power. 
1 he Extracting of the Square Root of any Quantit 
The Cube of A. 5 , H 
The Cube of AB. 
Square. 
Square, 
Square Root. 
As A is to B, ſo is C to D. 
Axiom. 
Poſtulate, or Petition. 
Definition. 
Conſtruction. 
Subſtitution, or the placing of one Quantity in the Room 
of another, which is equal to it. 


Hypotheſis or Suppolition. 
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[grand by th Motion, of a 8 8 
4 e tad Ken 
ſit is called a Quantity of 

D and- is finpolel: to 
A umber of 
oints. 


3-1 
Ide Ends or Lint of Line, are Points. . 


A * is that ' whereof the Points are equally 
EE us I'99 Extremities; as A B. 


ie been, that a Curve. line, s that which 
WIE its two Ex- 


ſtremities; becauſe ſome are elevated above, and ſome ſub- 


ſide below others; as CB. 
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rs] A. Circle is à plane Figure, | 

| 4 of one Line only, which” is — its 128 5 
G ence, wa ABCDA, within which is 4 

E, called the Cemter ; from which all the Right-lines, my 9 

midiameters, or Radij, EA, EB, EC, * drawn 324 

are * to one ano 


Ir6] The Ge; N 4 Circle is 
a Point within its Circumference, from 
which all Right-lines drawn to that 


17 The Diemeter 4 Girae, - is any Right · line drawn 
the 2 and terminated by the Circumference 
| 2 Side, n the (C73; info tro e Pare; 
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18] A Semicircle, is a Figure which is * under 
1 the Diamever; and under that Part of the Circumſe- | 
/*, | ence which is cut n Nane as ABC. oO 
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Square, is 


That is, 
AD, and. thy Angjes: A, B, C, D, are 
IP equal, ben * 2 


nd Right-line drawn from 7 


Figure 

© [ Angles, 1. 5 l ö 

I. [Sides equal, viz, BC=A 
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— the — D falls, aud under the Line PC. 


takes withis the Tries from the n AD, to- 


C 


| 
| 
| 
| 


| ; 
ye That: 


ven Examgyrs. 1Bogx II 
| Thay is, SH LEWIS ne νEEg 
IT? tin, "> r 


28 3 2 e "3:45 A 
; 38745 15 be ace 2+ 59 E 
1 Ao Ee ern 
7468 aer“ Sat ac $4.QE.D 


* RO r. XV. 
| Te finds Right-line 5 wheſe y_—_ . Right 
| 1 bay 
PP Jew. "PREPARATION. 
- Make 745-24) the DB 


'thereof D C „ ther Ur 
i (10 Loot BG, - nd far 2 


S N Circle EET. 


& 7 14 - o 4 
Ya ets 1 58 29 1 18 Ns 
- W*4 I 


TY x * x * 
— ade 43 aN 
Ks bu ley. CA * 3 n RY K 


> Na Nu N * | der N41 5 
Nb. | 


LA, 
* 
* : 
. 1 > 8 . 
4 *% 
| 1 
. 3 
” 
* * 
* 
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EvcLiin's ELBMRNTS. 


[DCxCF+GCg = n * 
CF =B C, Ca 
DCBC-+ Ec Aeg 4. Sub. 
DB 7 


"IS 


Ow 0: 
To 


EEE 
| 1+ 


BHI WwOW 


| # 4 1 g Ar 
- 1 Ln A 939144111 
"A 1. QR. F. & D. 


A 


SEEALAS RIG 4 
e N 2 
I IE IT IIVEEE:Y 


[Demonſtrired” after 4 New, Plain. Kira 


ee aJavd II 1000 


922 5 


141M) 509; "'H 2 — e ns 


EUCLIDYELEM: N. 


75 YE 5 5 5 70778 | 


T 45 


Na 


MDE. 1 LETOR 


ED O K III. 


DEFI N I TION S. 
Tal Quai Circles are ſuch, whoſe Diameter or Se- 


TL 25/6 208 | 
SW 5 | | 
3 ine ſaid to touch a Eircle, when, meeti 
— eee e my * 


1 
The Circle C, cuts the Cir- 
cle B. 8 


* WT. "þ 


Bode m. Boeuws.ELaxaxrs,! 


4 }/1n' Circle ABCD Bighbiives AB) DC are taid 
— * equally diſtant krom the Center, 
when Perpendiculats E E, EH, drawn fram | 
> Center E to them, are equal. 


. HOT AAA 4.4 9 

6 A opment of et F et 
lone 80 line, and „ | 
* [other by. the, Gr rende of a Cicle-. 

As ABC, ADC. e.) 2 ed 1 000 W 


| 2 Angie 16 nid to ve'vn a. S 
1101 N 8 | 


FEE Mis 


ind 


an is char Ar , to. which 
| Angle s upon ea Baſe: ©] Þ cvs! 4 «| 


| 2 gle ABC, in upon the Arch 
Pei 0A 
s 


As tlie Vigure. BCA... 


"or, — the 4 off; 2} 990! | 


1 
— 


0,000 Na Þ wr» 


+ * 
— 


[which (10. 0 biſeQ in 


| 


| Evczay' 3 — er Ih 


PRO POSITION L 
To fd the Comer r, e cis ABC 


01 Tg 185 = 


PREPARATION, 


[Draw © Aine AC e che Cds ABC, 
vile he E draw |(11. 1.) a 


Perpendicular B D, and 7 o will the 


eee AAA. | 


I. the Center be 8 


Wick ſuppoſe it in 


» 
draw GA, GE, 
' 16.1.) G 
KE 12 5 ITY 


[wil GE C be (. i = 4 GE 4, and | 


Þ page: fig Sato ber: of a; 


be If the, Center Nas in th Pon, ; 
GE 


would be a 14 > 40+ n. ae 
FEC is ar. Def 10. 1. ; 1 
GE C would be =CZFEC.: oY ; 
£LGECTI LFEC. Ax. 17. 
The Center is not in the en 
Since n t BD. 


The Center is in B i 
1 CARE. EY 


1. 


COROL- 


- 
ww 


Eucrrp's ELEMRNY TG. 
 COROLL ART 
The Center of a Cirds is in that Line which hing per 


| reh won asd, Aries ir imo ro Shelf 

113 Nn ee 

| OM 2 J. Circle ABC, aw two Points 

| [4 3% p bt- line - "ud wines 8 2 theſe fu 

| | Points, hal ful webe the, Cirele, 
PREPARATION. 


Take, in Ane A Point D : and from the 
ns 7510s y 


DEMONSTRATION, +| 


EA— BW Def t6- 4. 
LAS AB 5. 1. 


> 


| 3 CED BLE LA. 16. 1. R Oe 
"4|LEDBC CB. 4. | 
; 1 4 — 4 
6 Er | þ-— F\ | Ka. — 
ate, = 854 > as 
#| D within the Circle. 1 
1486 falls within the Circle, Q. E. D. 


| COROLLARY: 
1822 14 10 uw & Qi . MW 

4 Right-line doth. noe touch_the_ Ci EN 
Circle, but in one Point; hecaule if it ſhpuld touch it 
in two, it mig] 2 be drawn from one of | thoſe Points 
to the _ and ſo would enter within e nd and 


Evcriip's ExeMenTs. Book III. 


= 
7 > 1 2 1 
we Sd 
r 
5 
. 
. 


1 . Ef. EFC. are Shit 


þ 


1 


PROP. 


Vis 6 inde ABCD, Bir ler BD, draws thro 
the Center, biſett any other Line AC, not draws thro the 
Center E, it ſhall cut it 1 if it cut i 


144 ee it * ** biſeft the Jame. 


— 
. 718 
N 


Suppoſe BD to bile ac * 
PREPARATION: 


4 


Draw E4, EC. 


DEMONSTRATION: at; 


4 FC. H ad. 
—F ya EC. The n 76. 1. *. 42 * 
EF is common. at A an 
FA—FC, BA—E EF is * 
{BEFA= LTEFC. „. 0 — 0 

EA. ec. are v4 rr 10 15 an * 


| Suppoſe BD to ot 40 ot Aightaagles. | 


| . tage. Ae 


DEMO Xx 


Eveurd's ELER — a 


N 0 | 
' _.. DEMONS TRAT 10 N. 


f 


4 ys I. een | 
BY Def 26, 1; r 
(A= LC. 5. 1. 5 
E F is common. 
| EFA= LEFC, K EF is common; 
515 oe Mah: ity 10 K 42% 15 f ' 
PROP. W. 


Tir a Cirde ABCD, two Night inet AC, BD, not 
drawn thro" the C enter P, cut each other in @ Point E, 
thoſe tue Links WT BD, "wor cut _— into tuo 
equal Parts. * i g [4 
A 14050 + Se Diete A I. * 


(PREPARATION. 


(LA: ad E. en N 38 


4 Join „ = 
I fay AC, vr do mat cx each the fs to 6 
qual Bas. 


we 


© p 
* : 4 * tr m_ 2 * * — — by # 4 8 
I PEMONSTRATION: 
. 4 - 
* & , U * » N £ ; , » - an, © % 1 1 | 
+ . dbi* J & <4 * V's , 5 GY 44 1 AT" 8 


H „Bp, bod d each otter ine two. equal Pars. 
FE FEA, would be r. 3. 

, LFEB would- be FE EA. Ax. 21. 

+ EBT ZFEA As .J. 


AC, 52. do R VEE IP other into two equal 
Parts. Q E. | 
Aa2 | PROP. 


— 


2 e 


_ Evcrid's Euamantss Bijox IN 


e © unn u common Center. 


3 EB EA. Def. 16. 1. 


a 76 - PREPARATION. 


PR * V. 


tus Circles, BAC, BD end one 'the orher, 
nay hey BAG, IDO, ar 925 mY 


” wes the ca B, of the 2 BAC, daw EA 


D 


— - "DEMONSTRATION. ,. 
ru u 


If E Thoutd be the common 1 
EB would be ED. De. 16. r. 
E A SED Ax. 


EAL ED. A 17. J. 1 niof 


rene. wy 
NOE | | 


br ring 


sd bro 11.8817 „ las 


e , en, 
e ee 


2144 laypd o oni 21119 » PAEPARATION. | 


_ II. Evcrrb' 8 klaus 


* 


e = comer. 
DEMONSTRATION. 


if F ſhould be the common Center. 
FB would be = F A Def. 16. 1. 
FB = FED. Def. 16. r. 

1F A would be = FD. Ax. t. 
EACPDC Ai 1. 


55 In 
e e not the common Center, aun. 


PROP. MI. 


F, mary Lines be drain from any on. Point C, within 
Circle B G, which is at n, Center D, Sar e 

. That Lint CB, which paſſer thro its 
| Cemter, is the greateſt”: ad. The Remainder of it C A; com 
— 2 The Eo CB, » Ly gene Rs — 
is t e 
JCB, exceeds thoſe that are more remote: 2 
be no wirt aui Boo of thew equeb tu eudb other. 


. Renn 
3 greatep. 


PREPARATION 
Drow DB. | | 0 


"Tay; for anne ent- e 
. ; DEM “ NATION. 


Jop+DECCE. 20. 1 
DB DE. 23 44 
CD + DBE K. 

L (e. GR D. 1 


And} 


And 
3 E. 1. 2. 3. 
©. e. 4. 


A5 „ 


| 1 ſay, for Example, CAACE. [= 6 


2 wes 


_ Everad's Einer 18 Boox III. 


The "Remainder 290 — to the oppoſite Part 
of the Creemfren, 14 the left . 


r 
Draw CE, DF. tm 20 mw = l 


DEMONSTRATION. | 


DFICD+CE. OY 5 
DAS DP. De, 16. 
DAICD+CF. Sab. 
DA—_CDTICF. Ax 16. 


enen Q=D. 


That Live CE, which ware 
22 thoſe AS 5 the gra 1 


That is, for Example, CECEF. 
DEMONSTRATION. 


DE=DF. Def. 16. 2. 
CD is common. 
Fes LIES 

is LCD 4obr. 
cer cs. 4 1. GE b. EC 


ane. to each 


PREPARATION. 


Make (33. 3.) at the Canter 1 £CDG= LDF, 
I ay, 10 


land join C 


Pd 


Book III. Euclip's ELEMENT 


$55 
a 11 There can be no more than wo of them e⸗ 


. |aual to each other. 
DEMONSTRATION. 
DG—DF. Def. 16. 1, = | Y 
CD is Ti coy Conft. | 
DG=DF, CD is common, C DGS CPF. 
CGS CE. 4 TI. AGA 
or further off CB. 
nes WI ; 7 
be no more to. 
 Q E. D 


, » : 
* 


P 


Line ie doi * it; F is 

s a to. its ; 

that extend to the * 6 6 that 

| es thro the Center D,-1s the greateſt : 2d. 
which is 3 the * On — 

| more remote: 3d." meg thoſe. that f. 

onvex Circumference," that e which berg 
paſſes thro* the Center, is the leaſt : th. Ih 

ich it nearer CA, is leſs than thoſe which- 

off : 5th. There can be but two equal Lines 
the ſame Paint, eitber to the Corcaue or Con- 
AD | 

822 5 Mt CC a} £1 L | 


* 
— 


. 


„ 


And 
] And 
Le. 1. 2. 3. 


e. 4. 


ens 


that Line 


1 ſay, for eee 


of 


Eci — de m. 
"Of af 


ence 
e is the 


; 
. 


that extend t6 ta fe Conde! Circumyer 


PRESAKATION. | 
be- DE. 


1 an for rents cf ce 


N 


'DEMONSTRATION, | 
N 
Asch — as 1 C | 
ue ee ) Yu ati 
by: REPA pe T CY 
2 AIG wit wd KISS | 


a3 32.4 1 
DEMONSTRATION. 
7 Def. 16. T; 


CD is common. 
LCDEC" CDF. Axe. 17, 


|DE=DF, CD is common, / CDE 4cbr 
cet ci E. D. F 


24. I. 


Hmong 


Book HI. 

| BY 1 8 

. thy the Convex 'C 

Ee 7 25 ay whit erer | 
2 is 

3 Di | 


Euer rde Ern 3 97 


ce? , (2 
#: : | 4 


— 


ſay, for Example, en 


cia 2 j 
. 5 | than thoſe 
Gf _ no! pc et as fe Mart 2 
$4.97 $45 127930) el CE: 


PREPARATION | 
Is © Draw DH. 9 liv 


AJ 1:3 


| 11 DIM ONSTASDI® G N. 
1 ' 
| e 21. bn 
Andj2z2 [DI DH. Def. 5 . 
1. 2.3 |[CI+DHTI3CH+L H. „ wa 
4 |CI*2CH: D QED . 


1160 en Lives drawn, 
me Pom, either 1th Comin Cee Gore 8 


58 
- 


> Bhs G94 en 


1 JPEMONSTRA;TIO;N., 


I2 


* Lhe 


ſtrom the 


106= Df. 


I DK = DH. 


All other 
andi GH. ad add/ Ach. 8. 


Fociip's Eunzixxre- Book III 
. PREPARATION. 


Make (23. 1.) at the Center D, /CDG=L Cy, 
CDK 2e, and draw Re. 


I fa There can be but two equal Lines dra 
. either to the Concave a 
Conver Circumference, +  . | 


* 
- ” - 
p j - 141 
ku * * 414144. 46 
. - 


48. 
Def 16. T. * Cl A 182 

CD is common, L CDG LCDE./ Conſt. 

DG—DF, CD is common, — CDF. 

CG=CE 4 I. 

25" "9% $6 n 

* common, COLLIE D 

is company, ' = £C K. 
Er elt 18 
All other Lines will be cher heareror" mare remote from 


Foy ter un Le et- r 5 CG Und CE, CK. 


There can be but to equal Lines drawn. from the 
— — An dr Convex Cir- 


en EE HI {+19 T0 & 54 
RO. . H 
That Point, from whence three ERS AB, xc, 


D, can le drawn to the. Cir erence a Circle ABC CD, 
Center. 3 n ＋ That 


53 2 


1 


But] 


been ln. 


That is, A is its Center. 


1 If AE BD, ABD, ſhould cut each 
2- | G would be the Center of the Circle. — 


drawn from a hn Naarn 


more than two Poi oints, - 


n ELEMENTS. 


| DEMONSTRATION. | 
Mcre than two n be 


the Circumference. - N 
AB ACE A B. 22705 8. 


Ais its center. Q 
Gr x 


Tuo Circles AEBD, AB DF, cannot cut each other in: 
more than two Points. | 


PREPARATION. 


If AEBD, ABDF, be ſaid to cut each other in more: 
chan two Points A, B, D; find (t) the Center C of the: 
Circle AEB B; and draw CA, CB, CD, Which (Def: 
16. 20 will be equal the. one to the other. 


L ſay, A ESD» ABDF, cannot Fae each 22 in 


DEMONSTRATION. , 


other. in more than” two Points. 


ABDE. 9. 

'C:is the Center of the: FI I FI 

Two Circles which cut. each other, odd las als fawe: 
common Center. 


5 [Two Circles Which cut each other, have nat the fame: . 


common Center. 5 
Ae B, ABDF, cannot cut each other in moꝛe 


har two Points, & E. B. = jy 
. Gold PRO.. 


 Bvcurn's K 
5 Riem XY BSOE III a 
| —_ will \Ri line draws they their N da, 
fas 7 ihr the Pont > Man 5 


4b + bes GA, GD, PA.” 


|1 Ky, The Bighe 
f N eee their Eenter wil 


he Tins G, were heir Comes thr 
' them ſhould pas 


1 


would 
F 18. 1. By =6D, PA would 4 be en 


GA PGF FA. 20.1. 
; . 
3 — 


Boox III. 


1GHC GA +HD. 


EvcLid's ELEMENTS. 


191 
FLAP. ML 


F two Circles ABC, DBE, terch eh tr without, 
at the Point B, the Right-live draws thro” their C enters 
will paſs thro 'the Point of Cont act. 


Nr "PREPARATION. 


Draw GB, HB, GH. 


T9 The Right une drawn th2o' their Centers will 


| | 191 5 Gp 
DEMONSTRATION. AS) 


tho the Point of Contact. 


If the Points 


H, were their Centers, ſo that the Right- 
line drawn thro? 


them ſhould 


paſs thro? other Points. 


SA would be = G B, HD would be = HB. Def. 16.1, 
6H 6B 


HB. 20. 1. R 
AIGA+HD. Sab. 


The Right-line-drawn ws Centers will not paſs thro? 
other Points. will 
E. D. | pai 


G H would 


an 
che Point. of Coat, 


D d PROP? 


— —— - 
: DE OO OE NY ee — «> "RATE. © — 
* * ». * 8 
* « 


102 


Hp. 


ns 


Euclip's ELEMENTS. Boox III 


PROP. un. 

6 
Tuo Circles ABC, ABD, nacb doch other e 
Point, whether it be within or Wed 


- Suppoſe them to touch WY at t the Point A. 
PREPA R AT TON. : 


Having 1 thro? * 83 E, B, the Right-line 


Ek, which being produced, will ( 11. ) paſs thro the 


Toint of Contack; "ara the * EB, F B. 
1 a, They touch aur in one point. 


DEMONSTRATION. 


If ſhould. * In tar roi oy 
F hey ſhy be =E B Ds 16. 1. 7 Th © 


JEB+EFCFB.. 20. T. 


EA+EF would be (FB. Sub... 995 y 
EA+EF=FB. Def. 16. 1 5 5 
They e of e = R 


. They touch only in ene Bont. ITY 


. 
bee them to touch without, at the rere Ao. 


+ % 


Y PRE. 


Book III. 
* 


= * 2 
„ AAA 


ine 


< 


= 


« ly diſtant from the C enter, are NN 


Evciid's ELEMENTS. ro 


PREPARATION: 


E drawn thro”: their Centers E, F, the Right- 


„ which ( 12.) will uk thro? the. Point al : 
EB, FB. 


N draw the Right-lines 
1 fax, They touch ouly in one Point, 


DEMONSTRATION. 


bf 


If they ſhould touch in. another Point; as B: 
E A would be = EB, FA would be = BB. . JESS: Ws 


EBT FBC EE. 20. 1. 

EAN FA would be L E F. Sb. 
EA+EA=BEF. 

They do not touch in another Point; as B. 


They touch only in one Point. Q: E. B. 


P RO P. XIV. 


Is a Circle ABDC, equal Right-lines 40 BD, "EE 


diſtant from the Center; ans — 2 AC, BD, 


© $2528 — eee —2—̃ — — - 


Cl 


8 | 


Mc. 


E A, E B. 


I fay, AC, BD, are equally diane from th 
center. 


EAT SE 4. Ax. 9. 


N EF = = EG. Ax. 10. 


 Evciin's Elements. Book III. 
| Suppoſe AC=BD. 
PREPARATIO) 


From the Center E, draw the Perpendialars EEG 
which (3. ) will -biſeQ che Lines 1 hk ha join 


DEMONSTRATION. 


Ac BD. Hp. 
AF = BG. Ax. 8. 
EA= EB. Def. 16. r. 
AFq=BGg. Ax. 9. 


EAT — AFT = EBq—BGg. Sp. 22, 
EFT = EG. 47. 1. 


> » BP are equally vitae from: the Cent 


Suppoſe A 4 8D, equally diſtant from the Center 
I ſay, AC=BD, 


DEMON- 


Pook III. Evcriip's: EL E MENTS. 
28 yg 


SL 


cow 3 2 4 


* 


1 


EF E G. $a 

EF EG. Ax. 9. 

EAq=EBq. Ax. 9. 

EAT — EE enk Ax. 12. 
AFq=BGgq. 7. 1. 

— = BG. Ax. 10. 


PROP. XV. 


If ſeveral Right-lines AB, CD, E E, le drawn in à Cir- 
de AHBG, the greateſt is the Diameter AB, and that 
which is es the Center N, is greater than that which 


is further off. 
The greateſt is the Diameter AB. 
PREPARATI O N. 
Draw NC, ND. * 
[x fay, for Example, acc. 


DEMONSTRATION. 


NCS NA. Def. 16. 1. 
NB. = 16. 1. 

ND N A + NB. Ax. 11. 
N DEC 2 20. 1. 84 
NCC 
C 


«* who 
D, QE. 


ND= 
NC 
NC 
NA 
AB 


Ty 
+ 
| C 


E e 


Dena ELEMENTS. f * Boox III. 


| Nen mnie it neareſt the Center, is greater n tha 
which is . off 


PREPARATION. 
' Draw NE, N F. | 
I fay, for Example, CDC EF, 
DEMONSTRATION. 
ENS APA, . 


NC= N ND=NE, {CCNDC LENEF. 
CDC Ef. 24.1. QED. 


11 PROP. XVI. 


It Line CD, drawn 2h10 the Extremit 
the Diawerer of a Circle ALHG, is is wholly without 4 


PREPARATION. 
Draw BF. n . 
1 ky, CD is wholly without the Circle; | 


1 5 | DEMON: 


( 


"oo" 


— _ er — 


Fo. 2 
GT DB - 


— — 


Book: III. 
| 


| 


| meter of a Circle, and at Rich angie is (Def, 2.) a 


Evers EramenTs, 

DEMONSTRATION. 
FAB is a r/.. Def. 10. 1. | 
LEABCL AFB. 32. 1. 
BF BA. 19. 1. ; 
The Point F is further from the Center than the Point A. 
[The Point A is in the Circumference. 


1 The Point F is without the Ciroumſerence. 


Since for the ſame Reaſon every other Point 1 in CD is-with-- 
out the Circumterence, beſides A. 


CD is wholly without the Circle. A 


PREPARATION. 
Draw BE | AL.. | 

1 6% A1 falls within the circle. 

DE M ONSTRAT.ION:. 
BEA is a r. Def. 10.1. 
£C{BEAC LBAE.. 32. "Ih ; 
BAT BR. 19. 1. 
The Point E is nearer che Ser chin 6s Pine. 
The Point. A is in the Cireumterence. . 


The Point, E is within the Circumference. 
AL falls within the Circle, & E B. 


"COROLLARY: 
A Right-line. drawn thro? the Extremity of the Dia- 


| 


Tangent to the faid Cicle. 


PRO P.“ 


Ms * 


108 Eci — Book. III. 


* ry 

1 5 *. 
— 2 

> "i . : F # 
2 4 81 
- * N 1 — — 
1 ” 
. 


| From- a Point uu A, to draw a Rj dine A which 
275 rc 4 2 e r ig 0 


PREPARATION. 


| | From the Center D, of the Circle DCBE, let a Line DA, 
cutting the Circumference in B, be drawn to the given 
Point A; from the Center D, at the Diſtance D A, de- 
| ſcribe another Circle DAE * and from B, draw a Per. 
pendicular to A D, which will meet the Circle D A E G, in 
the Point E; then having drawn E D, meeting with the 
Circle DCBE, in the Point C, draw A C. 


[ ay, ac touthes the Circle S CBF. 


JoEMONSTRATION. 


oB DC, DE DA. Def. 16. 1. 

£D is common. | 
DB = DC, DE=DA, LD is common. 
DBE DCA. 4. 1. 

DBE is a r. Def. 1 

DCA is ar. 


AC. Err the. circle DCBF, Cor. 16. QE. D. 
| PR O P. XVIII. 


"PROP. XVII. 


7 a Right-line A B, touch a Circle FE Dc, and fron 
the Center E, to the Point 4 Contatt E, a Right-line 


FEE be draws ; that Line F 


is perpendicular to the 
| Tangent AB. F 


PRE- 


Foox III. Evcriips ELEMENTS 


| PREPARATION. 


If FE be faid not to be L A B, let 
any other Line FG be LAB, ſo (L F 
GE being (Def. 10. 1.) Right, and conſe- 

uently (32. 1.) C LF EG) will FE be 
= 1.) C that Line FG. A 


DEMONSTRATION. 


It any other Line, beſides FE, ſhould be L AB; as FG. 
FE would be LE that Line FG. 
AB would cut the Circumference. 
AB does not cut the Circumference. Def. 2. 
other Line, beſides F E, is L AB. 
FELASB. QE.D. 


| PROP. XX. 


If a Right-line AB, touch a Circle C DEG, and from 
the Point of Contact C, a Right-line CE, be erefied at 
Right- angles to the Tangent, the Center of the Circle is in 
the Right-line CE /o erected. 


PREPARATION. 


If the Center be faid not to be in CE, 
let it be in any Line CF, on either 
Side CE, ſo (CF being (18.) E AB, 
and conſequently (Def. 10. 1.) LF CB 
Right) will LF CB, form'd by that 
Line and the Tangent CB on either 
Side CE; be (Ax. 21.) = LECB, 


„I ay, The Center is 7 


For 


CE, on either Side CE. 


Ax. 


Caſe 


I ay, LBCA=2 (N. 5 N 
DEMONSTRATION. TN, 
| „. 


fkerence BDF, 


Eucrip's ELEMENTS. / Book III 
| DEMONSTRATION. 
7 ECB, formed by that Line and the 


Tangent CB, would be = L ECB. 
3 is either Cor ECB. 


The Comer is not in any Line C E, on either Side. CE. 
The Center is in CE, Q E. * 


f pP RO P. XX. 


| e at the Center of a Circle ABDE, it aua). 
doul le 4s le; 0 


* at the Cireumferexce,,. when both the + 4 
gles ſtand upon the ſame Arch. 


It 'one of the Sides D A, of the Angle at the Circumfe- 
rence D, be in a Right-line with one of the Sides 2h of 
the Angle. at the Center BCA. 


ngle at the Circum-- 
enter B CF. 


If the two Sides. DB, D F; of tlie 
incloſe the Angle at the 


IM es rx. 
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PREPARATION. 
Draw the Diameter D A. 


DEMONSTRAT ION. 


LBCA.=2  BDA. Caſe 1. 

{ FCA=3 LE D A. Caſe 1. 

BC ATL FCA=—2 4 BDA 2 PDA. 8 11. 
{ BCA+ ZFCA=LZ BCF.. Ax. 18. 

{BCE=2/ BDA+2/ FDA. Ax. 1. 
r Ax. 18. 

2 4 BDF=2 4 BDA+24F DA. Ax. 13. 
{BCf=2..BDF, x. i. E. D. 


A. 


II one of the Sides DB, of the Angle at the Circumſe- 
= cut one of the Sides CF, of the Angle at the 


PREPARATION. 


1 


"Prom the angular Point D, draw the Diameter DA. . 


Tray, Lf CS=2 4 FDB, 
'DEMONSTRATION.. 

FCA . Caſe 1. DP 
{ BCA=—2 ſe 1. 
C FDA—24 
B D A. Ax. 1 
FCA IL BCA SE FCB. 
ECB S2  FDA—2 7 BDA. Ax. 1. 
/ FDB— L FDA— L BDA. 
2 L FDB=2z { FDA— 2 BD A. Ax. 13. 
C B'=2 LF DB, 10 Q E. D. 

0 FE f 2 , PROP. 


E. I. 2. 


c 


0 


* 
* 


0s 


are in the ſame Segment, are equ 


eu LDAC=LDBC. 


Ac DBC. Ax. 14. Q. E. D. 


B 


Evciid's ELEMENTS: 
p R O P. XXI. 
- In a (Circle AB CD, the _ vi 2G! DBC. whid 


Boox Ill 


If the Segment A B CD es Senichcle 
pP RE P A RATIO N. 
From the Center E, draw E C, ED. | 


Fob 


D EMONSTRATION. 


{E=2zL4 DAC. 20. 
LE=2 £ DBC. 20. 
2/_DAC=2 { DBC. Ax. 1. 


| If the Segment ABCD, be equal to, or lels than a de 
micircle. 
PREPARATION. 
Draw AB 9 | 
If LDAC= £DBC, 
DEMONSTRATION. 


LL ADB=/Z BCA. Caſe 5 
ADF = { BCE. 
„DPA CFR... 15.1 


CDFA+ZADF 7 DAF= F 
+ 4 CBF. Cor. 1. 5 „ e e 


L DFA+Z ADF=/ CEFB+LBCE. Ax. 11. 


— 


DAF S CBF. Ax. 12. 
DAC S DBC. Q. E. D. 


PROP, 


Boox III. 
| 3 


© © Vw ame ww » - 


= 


— 


- 
MN 
4 


* 5 


ILBD CS { BAC. 


Nn ATL(BAC Sg ZT 


_ 


Cor. 2. The. x 0 


3 
** 2 5 * 


Evciids Elements. 


113 
141 A 'PROP. XXII. 
| The two oppoſite Angles of a pF e -. in 
a Circle, are taken together, equal to tu Right- Angle 


PREPARATION.\ 
Draw A C, BD. | 


11 ay, LABC+/ ADC, or, c * 


DEMONSTRATION. 


BDA = BCA. 21. 


21. 
{ BDA+L BDC=/ BCA+L-BAC. 4 12; 
CL ADC—=Z BCA+LZBAC. 


OE Gets 555. wt. 
Cy £BCD+ CADAC. 


8885254 p 1. A. 12 
CALA. -BCD+£ BAD=277. ». QE.D. 


g / [FR O P. XXIII. 
Two Similar and une egments of Circles, ABC, 


ADC, cannot be /e On . ſane Reine AC andthe ame 
Side eres: Jes £2 as 1 


: N 1 * * * 2 wg 4 * E * - * 
W ** 
z p ;: . is . 
144 
* 
* 

Ul 
" 


— — — 


e » = 


| LADC 


Te 


+ That is, Abc def. 1 


Focus Ema 


| PREPARATION. 


Draw CB, cutting the Circumſereaces i D | 
join A B, AD. | in O ad B, and 


1 fy, ASC, 4 Dt. ate nut Emiftar, ä 
DEMONSTRATION. 


| Boox wn B 


If ABC A ADC were ſimilar. 
ADC would be = Z ABC. Def 5. 
' & ©. 1 wii / why % 


'C> are not flinilar, QED. 
PROP. XXIV. © 


Cirdes, ABC, DEF, /et 
are equal one the other. 


ABC, A 


ſet fon _ 


1 DEMONSTRATION. 


ACE : 
D 

ANG Dura ah ans Right-line oe "” 

W 23. = 


= pil „ K TY 
Book III. Eucrrp's ErzMenTts 115 


ö 
N 
| 
| 
| 


— r * 


- 


PROP. XXV. 


"The ABC 
E ＋ 2 Cirele being gives, to find the 


PREPARATION. 


« Piutoe eee Plus. A, KC 2 the Cir- 
cumſerence A B C, and ha t-lines B A, 
B C, and biſe&ed them a the Foins D, B, eo on tho 


Foints the Perpendiculars DG, EH 


I ſay, F is the Center. 


ö | 
| DEMONSTRATION. 


iſeas BC at r. Conſt. 
EH. Cor. 4. 


+» Wo & » 


MH » 0 Go WO wm 


mw O 


— 


my wy Wy — 
— OE 


—_— 


verw , ETA We DL 


| P R O P. XXVL 
Cirdes, A1 C B, DLF E, equal Angles ſian at- 


In equal 


lon equal «Arches of the ,Circumferences, AI C D LF, whe- 


22 H, or. at the 


ther thoſe equal * le 
Circumerencesy -65 


£ Ra PREPARATION. 


len 40 Pr. „ ue 36 4 


DEMONSTRATION. 


A 


GA = HD, GC—HE. Def. JI. 5 
GS CH 18 | : 
ACS D FE. * | 

« { G= CB. 220. 


B= 4B 1 . n den 
The 59 


Arch A B C T Arch AIC — Arch DEF4-Arch DLE. the- 
WTI CSM DLF. Ax. 12. QE.D. 


PROP. 


„ 


— * . wu — * * >a 
x of v * 4 N * 7 . 
. 
* — 
F | 


— * 


D 0 r 8 — 


gal to th leo 5 


* : 
Evcilid's ExezMenTS 
PROP. XVI. 
In equal Circles, ABC, DBE, — Fr: ſanding 


on equal Arches of the Ci 
between themſelves, whether they be 2 at r 


117 


Air 
Cemers, 


" [as G, H, or at the Circumferences, as B, E. 


That. is, (G = LD, £B=L E, | 
DEMONSTRATION. 


AC, DF, are equal Arches of equal Circles. . 


The C. which u 5 
GS . . 25 , * * 


"PROP, XXVIIL 1 


G les, AICB, DKFE, quad Rich Nees A 
goa — qual Arches the Circumferences, the 
ABC equal 75 1555 en leaſt ae | 


PRE» 


*, F 


* — — — — —— - 


8 — 9 


18 uu 1 e m 


Ne , 


 FREPARATION. 
From dhe — G/ Hy dry Gb; GC, HD, H F. 
* Arch ABC=Arch DEF. Arch 63 ht 


\ DEMONSTRATION. 


AC= D F. 

GA=HD, 2 an &C=DF. 

Arch AIC— Arch DKF. 26. © 

Arch ABC-+ Arch AIC= Arch DEF- Arch DKE. Hy. 
Arch ABC= Arch DEF. Ax. 12. 


Arch NETS 7 BER I AAC= Arch 


DF. QUE. 
1 rr. XXIX. 


B. equal inches AIC, 


o * HL . 


Is equdl Circles, AICB, DKFE, 


OI DK, are ſabtended by equal ' Right-lines AC, DE. 


4 8 - 
= HY 


. PREPARATION. 


From. the Cemers G, draw GA, G HF, 
and join AG, PR. H, draw A, & BD, 


IN Be DEMON 


pe _ — =—? 
— . = 


poo III 


Evuctids ELEMENTS. 19 
DEMONSTRATION. 


—_T 
ou | 
ig 


64 Hb deR Def. 1. 
Arch AIC— Arch DK F. Hyp. 
8 


6 1. 3] 4[ GA = HD G HF, IG LH. 
e. 4. Ac Df. +4 1. E D. 


Ice. This and the three precedent Þ "y be 
| " drfod aj of the [ame Cir "Ow * 


| PR OP. XXX. | 
| J c 4 Peripbery given ABC into tuo equal Parts. 
1 PAE RA ATT 


Draw the Right. line AC, and biſect i 
Ib draw a Perpendicular DB, mecting wit 
B, and join A B, CB. 


I fay, Arch AB= Arch & B. 
DEMON STATION. 


TADB, CDB. are r 4, Def. 10. 83 
{AD 5 Ax. 21. 1 | 

AD SD i common. 

JAD = on 2 DB» common, CADBE 2 CDB. 

AB = C 


Aa E. F. K P. 
arch 4 8 "arch Cx 23. C E. F. "RES 


And 
„. 


+ 


Ab ww 


ms 
* 


& D:; from 


| the Abch i 


2 

9 

W, 

5 S. 
A vm 


___»Evcriins ELEMENTS. Boox III 
* PROP. XXXI. 
| Is a Cirde ABEC, the Ale ABC, which is is 
| the Semicircle A BEC, is 4 Right-angle., the Angle 
IBA, which is in the — BAG C, is 4. 
4 | cute, or leſs than @ Rig and the Angle BFC 
which is in the leſſer — BE C, is Obtuſe, or greats 
[than a 3 ö 
y 
ER E P ARATION. 
| From the Center D, draw DB, and produce AB to E. 
[1 y, LABC 1s Bight, Bac Acute. BHC 
Obtuſe, os” os 
1] DEMONSTRATION. 
1 [DA=DB. Def. 16. 1. _ | 
Rai 5e DR p 2 n HY 
Again — 16. N 
L. 3.4 / DCB= / DBC. 5. ; | 
244.5 Ade de dec Ai 
Alo s CATI DCBS=TLEBC. Bot 
e. 5.6.17 | L DBA + ZDBC= LEBC. * 1. 
I. e. 8 |[LABC= LEBC. LF 
e. 8. [ABC is a r. Def. 10.1, 
re. 9.10 CB AC is Acute. Cor. 1. 17. I. 
Laſtly|:r1} { BAC+ ZBFC=—zrZ'. 22. 
But e. 10. 12 LBAC Is Acute, or "3a r. 
e. 11. 12.13 [LB FC is Obtuſe, or C a r. 
e. 9. 10. 13.14 QED... — A Acute. LBfC Obtfuſe, 
4 PROF. 
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| 


AS 3 


> . * =. 
Dag OW ang uw yn 


— — 


' 


_ 


MM Wi — 
DOI 


* 
E 


The 


EC. 


| 14 PRO P. XXIII. ; 


V4 Right-line AB toxch a Circle, ad from the Point 
| Comet? & be Lu @ Right-line CB, Late rhe Circle, 
the Angles ECB, E C A, whichit makes with the Tangent 
AB, are equal to thoſe Angles EDC, E FC, whith are mage 
|in the altertate Segment of the Circle. 


| PREPARATION: 


Let CD, the ſide of the Angle EDC, he dicu. 
lar to AB, (for it is to the fame Pur ys 


the Angles which' ſtand on the Arch EE C are equal) and 


caking any Point F. in the Arch EC, join DE, EF, FC. 
[ ay, LECB=EDC, LECA=LEFC. 

| DEMONSTRATION, | 

CD LAB. Conſt. 


ter isia CD. 19. 
CD is the Diameter. Def. 17. I» 

CFED is a Semicirde 

DEC  arf. It. ft. 
LEDC+LZECD=rL. Cor. 3. 32. . 
DCBizar/. Dif. 1.1. | 
LECB 2 e LS ; 
25637 ECD LEDC+LE CD. My. re 


_— 


|[/ECB— LEDC. iz. 12. 


]/ ECB+ LBFC=—z2T/s, Sab. 


LECB+/ECA= Sr IS WI} i 
CECB+ LECA=CECB+LEFC, &. 7. 
CAS 
4 


EEC. Ax. 12. 8 
EDC. £EEX=LEFC, aD 
ST £ROP, 


122 


we | 


_—— 


|- [aIEB, 
Rigrlaed dnl c 


HD is drawn through the Extremity 


Euctap's 'ELamenTs Poox III. 
| 7% <q PROP. XXXUI | 1. 


Upon a Right-line A B, o deſerile a of a cine 
' which fe” contain an ee 4 1 a to a given 


PREPARATION. - 


Make (23. 1.) BAD S C. Through the Point A, 
draw (11. 1.) the Line A E perpendicular to H D. At one 


End of the Line A B, make CABF = LBA E, and let 


one ſide thereof cut A E in F, From the Center F, thro? 


[the Point A, deſcribe a. Circle, which (becauſe / A B F 


BAF, and therefore (6. 1) FB —FA) will alſo paſs 
thro* B; and to any Point I, in the Periphery AIEB, 


draw AI, BI. 


I ay, LAFB= £6. 
CER ESIDED 


of the Diameter A E at r. 

HD touches the Circle. Cor. 16. 
AB drawn from the Point of Contact, 
cuts the Circle. 

HD touches, and A B dawn from the 
Point of Contact, cuts the Circle. 
CAIB= Z BAD: 1 
C2 7 2 Conf. 
LAJP=,<C: Ax. 1. ARB. & D. 


OS Wo. @. 42 v R O. . 
5 L From a Circle ivex A B C, to cut egment A B C/ 
3 an Angle B, equal to a Right ht-lined 22 Ale given l. 


PRE. 


＋ $2 0 gilt eee N. 


Caſe 


And 


I X2 


| in A; alſo 
fany Poiut B, i be Periphay ABC, « draw AB, CB. 


E touches, and A C drawn from 


ler, AExEB=CExED. 0 ok, 9 


Eucims ELEMENTS: | rag 


p 
* 


Right-line E F, to 


ing the Citcle-given 
making an (CF 


Draw (17. 
= D; and to- 


W 


I fay, 2 . 


DEMONSTR ATION. 


the point of ContaRt; cuts the Cres! 
LFAC= LB. 3a. | 

EAC ID. Conf. x 2 | 
2 232 D. Ax. = E. F. & D.. 2 


A 15 P'R O P. NV. 
| If in Cirds ACBD; two Right-lines AB, DC, out 
each other, the Rectangle co ntained under the Segments AE, 

E B, of the one, is equal to the Ready 1 under 1 | 


Segments CE, E D, of the. other. 


If the two Lines cut eh crhrin the Caper thy, 


' DEMONSTRATION. 


AE— CE. Dey 16. 1. | 
EB == ED. Bef. 16. 1: | | 
AExES= - CEXED. PR 23, „ D. | 


©] Re | If 


22 — Everivs EAT Boo UI 


| ＋ If one Line A By tenet ds Chand #; and cut 
| the ot n er 30 328 


PREPARATION. 
Draw FD. 


Ee, AExEB=CExED, | 
« 9 * DbEMONSTRATION. 


: Hp AEXEB4 —F 2. 
And 2 F DFB. r * 
28 2 |; FDF BZ. Ax. 5. 
on” 4 AHI INES A. x. 
a6 515 ABLEDS = rye» a 
* EA U. 
Hz. 7 JAExE Dy Ax. 12. 1 
720 CR. IN 0 . 


CExED=C XE D. 
ve 8. 94 5 CExXED=EDx ED. Sei. 
LE. Frtr[CExED= E D. 


5 e. 7. 11 12 AExEB=CExED, He. 1. d K p. 
Lage 3 If one Line A 1 and cut the 


| other DC - 

* i PREPARATION. 

| Biſect (3-) DC, by FG a Perpendicular from the Cen- 
[ue + 007 OR w FC. t 
| I ay, AED Cees. * 
ile = [ab 


— = 
ba n N * ou 
WW. N . we - — 7 - l * 
* * * T : 
- - 
: 


Boox III. Evucriid's ErzmenTs. 


"4 


e . . 
oOo n 


| CExED-- EGq -+FGq = 


1FCq—CGz 


DEMONSTRATION. 


CExXED + EGg= Gar 2. 


+ FGq.. Ax. 11. 

E Gq +F GFE. 
CBXED FE; —CG1 +BG4 Sub. 

— 47. 1. 
CECE B Bo = C2. Ax. 1. 
FB—=FC. Def. ＋ 1. 
CEKEDTREH RN TBZ Ax. 1. 
AEX EB TEE = ERBg. 43 
AExXEB-+FEg ECExE n k E Ax. 1. 
AEXEB=CEXED. Ax. 12. : 


If ncicher of the tuo Lines AB, DG, pa thy the 
Center F. 


PREPARATION. 


Thro the Point o IneriSign B, draw the Diane 
ter GH | 


I ay, AE«EB= CExED.. 


DEMONSTRATION 


AExEB=GExEH. Caſe 3. 
CExED —GExEH. dy 4 
AE:EB=CExED., 4. . QED. 


K k 


Caſe 1 


8 
6 F. 
JJ 8 


Et * 16. I, 


| DB7J+RECy = EDS. 


* * 5 2 "=" z : 


9 
222 


Boo III. 


Euclin's ELEMENTS. 
7 P RO. P. XXXVI. 


A Tangent DB, and Secant D A, lang draum from the 
ſame Point D, talen at Pleaſure. without the Circle A B C. 
the Square of the. Tangent « Wa le equal ts the Red. 
__ under the . Secam 


_ „ ne Part: 


If the- Secanr DK paſs: thro? the Center E 
PREPARATION. 


From the Center E, to the Point 2 draw 
I which (18.) will be 1 8881 to the Tangent 


18 
2 88 88 5 35 — 
X 


C+ECg. Ant. 


D E MON STRAT ION : 


D Bq +E By =EDg.. 1 


DB2＋ 
D = „C. Fx. 12. GE. 5 


b he Seas DA rn e. che? u. ce E 
rie 
Sun Bed rnd no 
alto draw E C. ED, and BY curing DA, at angles, 

which (.) will Biſect CA in the Point F. 


L DB9=DAxD C, ' DEMON: 


For 
Then 
Alſo 

*. 2. 3. 


For 


Then 


Alſo 


28.3. 
4. 


W 


ound —— 9 * 


Boox III 
| DEMONSTRATION. 
1089 TER ADE. 47. 1. 


2 


Evcrip's RErEMENTA 


DFZ +EFg= EDE. il. 
D537 TE BT DE 4 BFg. 4. 
DAXDC4CEq = Bpg. 
DBq-#EBq=DAxDC+ Cn Sub... 
CFq-+EFq=ECgq. 47: 1 Tu 
DBJ-iEBJ—DAxD 4-BCq.- Sab. — 
EB—EC. Def. r6. 1. 

EBq=ECq Ar. 9. 

DBSHT ECTS DAN DC TEC. Sab. 
DB9—=DAxDC, Ax. 12. G. E. D. 


COROLLARIES: 


B 


L If from an 


Point A, taken without a Circle, there be - 
drawn ſeveral Right-lines A B, A C, cutting the Circle, 


C 
the Rectangles contained under the whole Lines AB, AC, 


and the external Parts A B, A F, are equal between them 
ſelves. A 


[If the Tangent A D be drawn. 
ABN AE A Dꝗ. — 
ACx AF 494. 47. 


* —AC« 


2 tap Lines AB, AC, drawn * the : 
ns Point A, touch the Circle, thoſe two* <A 
Lines are equal one 0 the other. 


If the Secant FS be drawn. 
1 fe 
FEES 4 ag 


N 


Kk = 


— eon OAMewRQHe = 


þ 


YI 


2 Part 


ng the Circumference ' à Circle "BCE, that Line 
D B touches the Circle. 


meet! 


0 —— 


p o 
4 4 « + 4 
* 4A 
- . I _ wa 
* 


W ELEMENTS. 


Boox III 
p R OP. XXXVI. 


F the aeg contained under the Secant DA, and its 


C, be-equal to the Square of a Lise DB, 


| PREPARATION. 


D 


PAY DCS DF. 
DAY DCS DBg. 
D Fg = DBg. Ax. 1 1. 
DFS DB. Ax. 16. 
EF = EZB. Def. 16. 1. | 
ED is common. 

DF=DB, EF=EB, ED is common. 
EFD =S LE BD. 8. . 

EE D is a r. 18. 

EB D is a r. 


DB touches the Circle... Cor, * QE. D. 


From che Point D, draw (t7.) a Tangent DF; alſo 
from the Center E, draw E B, ED, EF. 


Lay, DB touches the Circle. 


MN N 


36. 
Hy. 


The End of the Third Book, 


e 


20005 1491 LY £ 4 


ſeuctDvELE; MENTS, 


4 o 
4 * 
: 


346 


5 3113 1 if SSD 8B 1 


* * . * 


PE METHOD. 


1501199 21 * . 4 & { 


| 


os Right-line is tatd to be applied 
, 8 Cie. ben the Extreams 


. 


LA 8 N AN wa} WW 81 AA * 4 Nr * H » 


144 A fa be 
4 ata Hip ame 
2 touches the 8 of the 

it is 2 n q | CN 
Thus the Triangle ABC's aferied i he | 
Nat 2 * 


* 9 
0 . 


nw a 


1 cid A 


)s 


[Demouſtrated Aer 4 ew)" Plain; 7 Eaſie 


N 
; N 
: 
q 
| 
' 
2 
: 
* » 
'F 
N 
JB 
= 
0 1 . 


2 
$ o 
— * o - "i 
= 
A 
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| 


„ 


Evci s ELEIIRN TS. Book IV. 


|; g Pte 2 bees about 6 An. 
ſed Figure, when its Circumference Ver- 
: 4.07 ac Age of the Fir 6 9 orgy 
| This ts ca- ABC idee abow 7 
| ABC. | 8 4 T 7 Py 

| % 1x} ; 

4} A Right4ined . YO] Da. 


vout a Circle, when all the Sides w the 25 which. 


Thus the Tris EDE is_ deſcribed! 
about the Circle. 6 Hl. 


„ LE 10 7 . „ „e * 


hk 


N Rory Er 


Circle ts cajd ty * 17255 


| 1 * 


Thus the Circle & HIL, is Inſcribed in bee Tring 


2 


bo — 4 


8 
AAN AB, e- 
45 wot end Ac 


5 
From the Center A, with the Diſtance. AE = D, de- 


ſeribe a Circle BE E, meeting with the. Citcle given in 


B, and draw ws. 


W 9 , 8 3” 
AT; Di © r 9 * 
* 4 r ; at * * PF 
4 l F - 2 =. 
* 


. Boox-IV. Eocrid's ExEurxrs 


n. * | ſay, AB=D, [ 
41 Ne DEMONSTRATION. /7J 
AE=AB. Def. 16.7. 5 | 
le AE =D. Conſt. 
MW. AB= 5. 2 „. QEF.& D. 
a. e „ ->BROP: 11. 
ch 10 118 | in 


In Cirdle ves ABC, to te Digi ar 
eels Faye he 145 A. 


- PREPARATION. 
ed! . 3.) the Tangent GH, and making (23. 1.) 
he | 2750 79 LGAB= retry 7 BC L 12 5 | 


- [is the Triangle ABC inſcribed 
fu ay, de. c UH. £CAB=LD,. | 
DEMONSTRATION. * 


LHAC= LB. 3% 145 
BLE. S 2 
5 8 
GAB ; 

JC LF. A. 1. | 

CB SCE, ICS LF. 

{CAB=LD.. Cor. 2. 3 2. a 
F e. 46 =. cab QEF. & Dy 


L 13 2: - PR O P. 


& 


4 


| G & mew 2 


* 


* 
— — 
W 4 


— 


oK 


— 
£ 0 
i. * 
a 
Fl 


mM & 
O 


12 


.».. 4 Meeting in. 

EAA 
IC, l 

conſequeni! 


A 77 * 2 
1 3 1 - l 5 
* 9 * 5 * : 
. - * - - 
b = - 
+4 <5 
» 


» of 9 


Bucu's une | Boo Kk W. 


Wk ns pP RO P. II.. 


About a Circle given 2.1 to r An KNM, 


4 ae a Tring given 


,. 04 $1 5 _ A 


PREPARATION: 
"eas the Be BF on both tide; — YEE 


| make 8728 A e £DFEL 


m_— MG oe ) Was ler Tria IM 
ircle DES) alſo 45245 I 
icular- to KN, K M, M , and 


at A,B, C, are (Def. 10. 10 Right 


— 


2 


' 
122 


1 fay Ae, £0=L DFE. C 


11 


D EMONSTRATION. | 


Il 
LAS LB LAIB KK 4 me A 
A 870 Const. * 

LAIB+ LK=—arft.4v, 2% 7 | | 
ZDEG+ ZDEF=arte 13. 1: 


CAIB+ELK=ZDEG+LDEEF. 42 I. 


LAIB=/ DEG. Conf. 

CAIB+ZK=Z AIB4LDEF. Sub. 

LKS DEE. Ar. 12 
LB+LC+LBICHE, M= Ar Core 3. The. 1. 1 


EB+LC=32r4"% Cost. 3 


4 


Pop VI. | n 8 


5 


* 
e % 
- Þ i 


g— 10.11 CBICE/M=2rZ". Ax. 12. 
Alſo 12 LD FHNE DFR S7. 13. 1. | 
e11,12.[13| LBICELM— CDFH+ZDFE. Ax. x: | 
Laſtly 4 BIC = BFH. Conf}. f 
e. 13.14. Pur =4 BIC+4 DFE. Fab. | 
5—CBIC.| 1M = £ DFE Ax. 12 | 
Mods ka; 202 f DEE, ole lone ics 541 | 
ee. 17.118] £ . Cor. 2. 37 
re.. 4 5 . Fa — be 4 x. 
one (et Ir RO P. IV. how EX 
TD 
Tub "i eile Cure. G, i# @ given Triangh ABC. 
P REPARAT TON. 
I. Biſec (9, 10. the. Angles. B, 5 with the Right-lines 
14385, CD, Lotti in the Point then having 2. 1.) 
| [drawn the — — DE, DF DG, ſo that DEB, 
ADFB,IiDF C, DGC; may (De 1.) b: Right: angles, 
from the Center D, with either of these Diftances, de- 
ſeribe the Circle EFG. 
It ay, The Circle EF & is inſcribed in the AABC, 
| DEMONSTRATION. | | & 
1 |[LDEB= / DFB. Ax. 21. | 
Andi/2 [DBE LD BF, DB is common. Con? , / 
e 1.2.13 |  DEB=4 DEB, Da BBT W 75 
ve. 3:4 DE DF. 26.1 5 
Again y |þ£ DFC— 4 GO. A: 21. * 
And|6 {CDCF= {DCG6G, DC. ix *common.” Nas 
e. 5.6.17 DFC S LDGC, LDEF=L DCG, DC is common. 
rer DG. 26 3: +: ; 
e. 4. 5.19. DE-=DF'>—DG. ' Ar. 
Ce. . 1c| The Circle EEG paſſes chro the Poigts 55 K Dif. 16, I, 
Allo ri DEB, DFB, DG\C are r CL. 
e.. 12 The Periphery of the Circle EFG rouc chez the Sides of 
the A ABC. Cor. 16. 3. 
Cue Cirets EFS is interfbed in the Ac. Pet 5 


PROP, 


QE. F. & 


| 


lav= =DB, By 
LF DA DB. Ax. 3 


FE A= FZ. 


1 


PR — ©; 5 
* -- $7 "i l * 


baute bene Dor 80 


7 PRO P. v. 
| Aut gh Tie AIG aua 
"PREPARATION. 


Bis 10. two Sides A AC, in the Poins 
2 2 | Een bay 0s Po DE 


baer cure apc den ao he AABC, 


' DEMONSTRATION. 


AD=DB, DF is common, LEDA=/FDB. 


4 1. 

AR = EC, FE is common. cent. 

1 Ax. 21. 

2228 FE is common, LFEA=ZFEC. 


FA—F 
Fc." Ax. 1. 


Ds EF. & D. 


APR 2 

Ihe Clmnlangcs of the Cinls. ABC, thro? the 

Vertex of each of the ( A; B, C. £16 1. 
Circle ABC is deferibed about the 4 ABC 


SC HC: 


* A 


. 


_y - Everap's TMA 35 
41 SCHOLIUM. Bp = 
| - By the fame Mes Bing « Circle be | an 
iat Lin Wanne the ſams 
.P R o P. VI. Ft 
| | Is a Cirdle gives ABC D,to iferite „ Square ABCD. 
PREPARATION. 
| - Draw (x1. 1.) the Diamerers AC, DB, each o- 
ſcher at in the Center E; then join their Ex» 
=, Oo, with the Right-lines AB, BC, CD, DA. 
uses 7 | 
2 DEMONSTAAT AOR. (1X 
[+ j48B, BEN. CERN DEA, are'r/.*. ( 
. 1. , Ader N ee Ax. 21. 
*-e.2.|3 [Arch AB=Arch BC= Arch CD= Arch DA. 26. 3. 
e, 3. 2482888 CDS DA. 29. 3. 
Again; [ABC, BCD, CDA, DAB, are Semicircles. Def. 18. 1. 
e. 5. s [ABG BCD, CDA, DAR, are,r/*. 31. 3, 
e. 6.7 {ABC=ZBCD= /CDA= CDAB. Av. xr. 
e. 4.74086 2 =CD=DA; ZABC= LBCD=LCDA 
ce. 8.19 JABCD is e 29, 1. 
400 "a The Vertex: . 
16a 1 Ke inerided in the Circle 
e. 10.511 quare 
7275 Penh Def. 2. 1 


pF 44 
HT 
SOV” 


4 wy 
_—_— hat (5 
: * . = 
< — 
Ts 


2 Everins Elements. 


Bobx1V 


| ' 
ar ain oe Pe BE 
Alout a Cirde given ABCD, to deſcrile a 2 FHIG, 
[DO PREPAR'S THO N. 
Draw (11. 1.) the Diameters A pP, cyeting each 
other at Ri Ne in the Center E; then thro? their 
Extrenies A, H, draw (17. 3.) Tag ents meeting in 
1 H..1, G 8055 en EB, C, ED be per. 
„ peridieutar to tboſe Tangents, and therdfore (Def. 10. 1,) 
| 7 the en B, G 920 be Right, | 
ay, The S ore 7 5 G is RO abcne the 
0 {1:69 e AVE® 4 
ih oO! | 
AU Q 127 2 EM 10 Ns 1 N A T I ON, 
88 1 The / Ty" Pen D, ERS are Right. Conſt. | 
41>:983r;1, UF HI, BH H GI;FA BH I b an FG BD. 
1 — 1 
e. 2.3 IG, FHCA FBDG, are of. Dof. 35. 1. Þ ; 
9. 144 IE EH — FG." zA. . 7 23. 
Ales JA CD = . F 
e. 4. 5. A . A NN 
Asen ee 347 1: ” 
Alſo e. 348-|HE—= FC, FH=GI. 3 . . 
e. J. 8.9 HI=FG=FH=GI. 2 1.51 8 
Agiin 10 „F CAL B+ 4 De {.G= 
Alſo 1B LE ZL * LA 255 avs 
4 ang r keel. 0 : 1 
Te. 12.13 LF = (CG. Ax. 21. 
Laſtly 140 {I=/F;, L* H. 34. v. F:5 UF; | 
. 13.1415 CLSOEB=Gt=/ H. A 6 
e, g. 15.16% HL=FG=FH=CGI,4UIzF=/ £G=LH 
42 16117 F HTG1s' a Shuire.” D Kinn 
Alo 18 All its Sidés töuch the Periphery of- the Circle ABCD. Con! 
+ £,18.] 19] The Square FYJG i eſeribed * the Circie 
4 0-5 Y ABCD. —_— * D. PROP. 


Book IV. Evcrip's ELEMENTS. 
2 | p R O P. VII 
In a Square given AB CD, to inſcrite a Circle HEEG. 


PREPARATION. 


BiſeQ (ro. 1.) the oppolite Sides of the Square ABCD, 


Aro only oe which being (Def. 29 1.) equal, 
as alſo (28. 15 parallel, their Halves 2 DG, EB. 


GC, . BF, HD, FC, will (Ax. 8.) be equal, as alſo 
chen h. havin drawn EG, HF, from the Point of 


Freon I, at the Diſtance [ H, deſcribe the Circle 
2818 The Circle Hef & is inſcribed in m= Square 


DEMONSTRATION. „ EC: 


AE||and = DG; EB and = GC. Conf. _ 
ADEG; 581 'BC. 33. 1 N. 
AH | and E {HD [and = FC. Conſt. 

4B HF, HF EL 

ADEG, EGIBG 4 HF, HF DC. | 
IA, IB, IC, are . Def. 35. | 
IH=AE,AH—IE,JE—BF, ERH, "IF=GC,FC=1G. 34. 1. 
ö AE AH, BF = EB, GC FC. Conſi. 
IH=AE, AE=IE; IE=BF, BE=IF; F = GC, GIG. Sub. 
IH IEK IF IG. Us 1. 

The Circle HEFG paſſes thro? the Points H, E, E, G. Def.1 6.1. 
IH || ALE] AH, XA 31d} $5 Def. * Is 
A+! H=2rCi', LATEST. CAL FS 2zr C 
2 21. 29.1. 

r - {.C=rL.: Def. 29. 1. 
B | 
The? Peri iphery of the Circle HEFG touches all the Sides 
[of the Square AB C D. Cor. 16. 3. 

The Circle Heſ Eis inſcribed in tbe & quare ABCD, 


Def. 5. Q E. F. & D. 
＋ * 8 5 N PRO 


11 
2 
3 

44 
5 
6 

[7 
$ 
9 


IO 


Lon 
— 


MH ww — mf md 
IK ww 0» 


— 
— 


K 


N 


— 0 * 


— — 


onA we 


_ 
oO. 


—_— 


Lay, Che Circle ADBC is. delculbed 40 


* 


—_—— 


Rig 
AC, Abe, BDC, 


Aa . Def. 3 3+. Q E. 


r 
4 


 Fvciin's ELEMENTS: 
PROP. IX. 


Þ ook IV. 


| About 4 given Square ADBC, to deſcrite a Circle 
ADBC. 


"PREPARATION. 


Draw. the Diagonals AB, C D, cutting each other in. 
the. Point E; —.— from the Center E, at the, Diſtance 
EA, deſcribe the Circle AD BC. 


bout the Square A2 C. 
DEMONSTRATION: 


D 
CA=CB, / ACB is. Right; DA=DB; LADB is: 


Right. Def 29. 1. 


CAB, Be Nee 
AC = APD, LDAC is Naht; 


ht. 29. 1. 

are Semiri 5 6. 32. 
Z CAB=/ ACD, DAB SLA DC 2 BRA BDC. 
LCAE=Z ACE, {DAE=4ADE, CA DBE=£ BDE.. 
EC=EA, BA—ED, ED 2 „ 1. 
EC=EA=ED= EB.. Ax. 1 
The Ciumſerae of the ire A DBG; paſſes - thro the 
Vertex of each of the ( A, D 88 Def. 16. 4. 


Che Circle A Bc is 1 9 eribed about the Dquare 


P RK O.. X 15 

- To make an Iſoſteles Tri ABC, having each 
at the Baſe, A, BCA, to the remaining At K 
PREPARATION. | 


Draw the Line B A at. pleaſure, and (1 1. 2.) divide it 
at the Point D, ſo that Square of B D, be equal to 
the Rectangle under BA, AD; then from the Center B, 
at the Diſtance B A, deſcribe che Arch A C E, in which 


Cor. 6 6 32. I, 


(I.) ap- 


m F 4 — n | ad 4 * * i N . : - P _— 
a 9 v9 - * 2 , 
* * . 4 15 J p | —— * 4 2 * 
” 2 4 Wo 7 * 22 3 
"A ö 1 


Beox IV. Poctib's Fades” 


601 apply AC — BD); and drawing the Lines B CD, 
s 2 ba tn Tris De nn cn 


* 


8 BA=BC. La. (BCA = R. 


DEMONSTRATION. 


2875 2 BD. Cas. 
BAXAD= BDq — . 
AC rouches the Circle 7 
CD drawa from Point of Contact cuts the Cirale. 
AC touches, and CD draun from the Point ontact 
cuts the Circle. 7 
LACD= 4B 38.3 
CLADC=CZB+£ZBCD.. 32.1. 
LADC=ZACD+ £BCD. rk 
LADC= Lol | 
13 LA=LBCA.. 5. 55 
114} LADC= LA. Ax. 1. 
15 ACS CD. 6.1. 
17| LBCD=LB.. 8 
1418] LACD= LBC 
[19] BCD + LZACD= 2584 
19. 20 LAC DPT ZLACD= 4BCA.. S. 
e. 21[2L ACD S LBCA. 
22 2 LAC DS 2L B. 23. 

22.23 {BCA =24B.. | 

23. 24] LA=4LBCA= LR. . 1. 

25 DANN. CA =LBEA=2LB; Gr F. & D. 
| 5 | N. 2 | PROP, 


e * — — 
4 ss * 


t 
0 
„ 
1 
— 


. a 
C . 
| 


| An es at the Baſe ACD, ADC, with the Right-lines 


FF MR 


. - 
* 
Y 
— * 1 
. 
* 


Eocrids aum | Box IV. 


. 9 * © 


Io a Cirde given ADE met a regolor Pew 
tagon ABCDE. | | 


PREPARATION. 


Deſcribe (10.) an Iſoſoeles Triangle F.GH, 
Angle at the Baie double to the re le, and 
op inſcribe in the given Circle, the Triangle A CD 


r to the Triangle FG H; then (9. 1.) biſect the 


ing each 


, DB, meeting with the Circumterence in E and B, 


4 [rad join CB, BA, AE, ED. 


1 lay, The regular Pentagon ABCDE. is intent 
ed in the Circle ABC CDE, 


DEMONSTRATION. 


AACD=r/ CAD=/ AC. c. 
LACD=LADC. Ax. 7 


ACR = r 8. 
|7BDC= Z CAD. 


Conf. 
CACE=Z ECD=/ ADB=/ BDC=/.CAD. 4r.1 


Arch AE=Arch ED= Arch A B Arch BC Arch CD. 


26. 3. 
AE ED=AB=BC=CD: 


29. 3. 

Each of the ( ABC, BCD, CDE,D] A, BAB, Rand 
Jon three of the 
ILABC—LBC 


1 Arches. 

CBE DEA RAB 27. 2. 
AE = ED = AB = BCS CD; ZABCSLBCD=£CDE 
—ADEA= {E'AB.- * 

ABC DE is a r * Def. 6. 


The Vertex of each If is Angles inches tho Circumference 
ange g inſexibed in the 


el the Circle ABCDE. 
che regular 


Circle Ac. { 


— 


L. — & D. 
PROP. 


P. 


a 
— 


5 


ae — GHIK 


_ SENT Angles at A, B, C, 28 Pf 


Ent ELA 
PAO P. XI. 
* ABCDE, t Fre regular 


PREPARATION. i 
N 10 a ABC DE in the Circle 
"hes han 8 ter E, drawn the Right- 


„ BB. ECE D, EE, draw n doſe Lines fo 
8 815 HBLICKKDL, 1 0 ſo (Del 


n EY Fr. 


Lauter 3X) 


N DEMONSTRATION. * 
GA,, touch- Ciergle,, -C „ 
GAS GE. . 36.3. e 
5358 Def. . . 4 37 7 
G is common. a 
GAG Far FG is nee, . 
2888 GFE. 8ʃ. 1. Fogg metal + - * 
. {BB is WIC 350) IG gp #34. = 44s Y 

. rar ended 
| L AFE= =Z AFB=Z BFC=ZCED=L DFE. 27. 3e 
ro All the J at E, their Halves, | 8. 


E. Def. 16; 1. 


C, FDy'F E, all the "at A,B 9,0 as 
at A+ Fa. 6; 
14 HB, BI, N. K, KI PX. LI 
[GHz HEIL, LG, their Doubles, are. equal. 
'r6]The ten e are equal. 20. 1. 
| G, H,E KL, their es, are "Av. 7. 
| S e SC CHL CI 
1908 HIK Lü is a regular on. D - 6. F 
.2of All itsSides touch thePeri th ABCDB. Cor. 16.3. 


Def. . 
F ;  __ PROP. 


Circle ABEDE, Def. 


* . . 4 Poke * : g 1 5 
by — * * > . — 
| 


E Ei nn, ri. 'Boox IV. 
| Rap 5 1 C "PR 0 P. XIII. 


1 e 4 cD to 
| [Cirde LGHIK. 5 give wy FB, wb 6 


4 . 

4 

N 
* 


| 2K e tph FRY 


PREPARATION. 


7. two neareſt of the 
n W eee. 
IIs en erh 

G, H, I, 


K, ſe that the at 
TE 


' cad. from the Clue 


BY is common, . FBA 1 
3 [BA=BC BF is 8 


5 


EEE] 


FjAl de X 


= 
4 
Q 


_ 7 Se . 7 wy ©» * - * >a ” 122 4 
= X ” 3 2 . * — * "=RX * R * 
Y > «\ — * 1 N my " * 
| 2 8 a 
. - 7 8 8 5 — | | 
1 - . 
* Lad : * —*; > "> G : 
= * 1 >, *% 
- 1 2 
XIV. - © LEMNN Ty 143 Nor. 
: : 
1 


| 18. The ei A- from L to are equal. WY 
4 TheCirle1.GHIK paſſes d GEL) Def 6. 
* ro | - ol 
+ EV rouches all the ider 
n. Cor: 16. 3. 


n 


e 


* CAN 


"PROP, XIV, 


* PIT irre Fong bi ABCDE, # . 
4 'Cirele, A B E. I : Lon R. 
1 Mays PREPARATION. 


1 FLASL 48 hy 
1:12 5 
E 'FB 27 6. 1. 4 . rant 
| hs ner E. Der . 
2 Sb n ere * 
x. 8. . . 6 IFC= E. 5. 1. f 9 
Dee e an 
De. . The Circumference of the Circle ARepr e thro 
CO II + {he Vertex of each of the bes, 1. 
ve. 8. The Circle ABCDE, is deſcribed about the regular 
The F ]pentagon ABCDE; De. 5- TEE-&D 25 


PROP, 


nme Boa IV. 
en bb deer. /KMg> 210 21 v1 9 
Bj 218 1885 ie je Wee aer, i. 


e — ” 
E- 2 SN: * 13 % 


r. 
LEGA = 60% 40 esd i 
. 4] | AFGA+ + 6 AGB Sau 

00 1 5 ec bee. 13.1. 


8 2 11-4] $44 e 1151 
15 


Lo 5 mien 339 716 

-DG 8 
Arch Db Arch B an Argh FA=— Arch 
4AB.= Arch. BC. ey cb BC. 


|ICD=DE.=BF 


os 
9 5 = Mad FR 125 


* 


2 


e * D, 


r 


15 5 


e ; 
15 


a” 
9 , 
a — 0 bt o 
Re Z 
7 4 | -” 5 
v * ©. N * 0 > 4 * . b x * 
. 
« % * . ” 
E „18 
TY k- 3 
. + > : | 
* - 1 * ? » »4 
' p of ** 


55 


eee 


2 
2 


Fook . 


mY wt 
MH 


— 
VU 


fay, The Pentedecagon 
and inſcribed in * Circle Ae. 


, * EvcLip's 8 Wt oa 


COROLLARY. 


| The Side of ar A, on inſcribed C 
4 egular Hexag in a Circle, 


| * . 


PR 0 p. XVI. 
In a Circly given AE BC, to inſcrite a regular Pentede 


on. 
[FE PREPARATION. 


Inſcribe (2) in the Circle AE BC, an Equilateral Trian- 
gle ABC, as alſo (11.) a regular Pentagon AEFGH, fo 
wee may mere at Point A, and join B F. 


whoſe Side is B a regular 


Arch AB = 3 of the Per phery. Conf. 
Arch AF — +5 of the Þeriphery. \ 

Arch AB = + of the l Conſt, BY 
Arch AP. ns be TE + t he Nene. wy 
Arc — Arc = xx — TT 0 Fig I 2 
Arch BF = A of the Periphery. 

The Pentedecagon whoſe Side is BF, is Equilateral. 

Each of its Angles ſtand on Thirteen of the equal Arches, 

The Pentedecagon whoſe Side is B E, is Equiangular. 27 fl. 
The Pentedecagon whoſe Side is B F, has equal Sides and e- 


1 Angles. 
The I whoſe Side is B E, is regular. Def. 6. 
The Vertex of each of its Angles touches t Circumference 
of the Circle AEB C. whole ide a 95 
Pentedecagon 8 is regular 
and inſcribed in the Circle Aæxc. 2. CE F. & P. 


The End of the Fourth Book. 
SY \ EUCLID: 


* 1 . ö 5 4 | 
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1 Yi kuci: — 


| [Demonſtrated after a New, Plain, and Eaſe 
EEE METHOD. 


or pate) is the mutual Habitude os 
. 
n 


which is referred to a 


anent of the 1 "he Ratio of 6 to 3, 
tecedent, onfeguent. 

The Quantity of any Ratio i is known by dividing the 

Antecedent b 2 Conſequent; as the Ratio of 6 to 3, 

is e {= 2 or the Quantity of the Ratio of 


A to B, is B. e 


Where- 


aſie 


Boo V. FEveup's E 


j tt 
> i. 4 
nnr 


ee of Ratio's, thus; N C. or = or 73S. that i the 


Ratio of 4 to B is greater, equal, or leſs than the Ratio 


* * 


2 | Propoztional Quantities, whether Continued, or 


Diſcouttnued, are ſuch as have the ſame Ratio. Thus 
the Confinued Quantities ARR, AR, A, or 16, 


- AR? 


AR 
1 A 
ak, A, BR, B, or 4, 2, 6, 3, are proportional, becauſe 


ſor : = 2, is the ſame with that of BR to B, or of 6 
| | R, Or r= 2» 


| | - Whence equal Ratio's may be. expreſſed as are Pro- 


portionals, and Proportionals as are equal Ratio's. 


; 


A 
BR: B. therefore -— . 


[3 | Inverſe Ratio, is when the Conſequent is taken 


as the Antecedent, and ſo compared to the Antecedent 
s the Conſequent. As if A: C:: B: C. therefore by 


| [Inverſion, C: A.: CB 


em * * 
7 147. om | 
* ' . , 
| {| Wherefore, often for Breyities Sake, we denote the | 
| 


8 4. 2, are proportional, becauſe the Ratio of AR: to 
1 AR>, or of 16 to 8, that , AK. =R, or 4% —= 2, is the 

[fame with that of AR to A, or 4 to 2, that is, with 
R, or *= 2. Alſo the Diſcontinued Quantities - 


the Ratio, of AR to A, or of 4 to 2, that 1% NR, 


Thus = therefore AR: A:: BR: B. alſo AR: A:: 


. * 


„ Alter- 


7 
- * * 1 


&' a a ELanenrs. 


1 * «| | 
5 4 Propo is the Com of A 
*. FRE AC dent to —_—_— —— gi FE 


As ARRR: ARR : : AR: A. or AR: A: BR: B. there. 


fore Alternately, or by Pepuroeativn; a”: AR : AR. 
A. or AR; BR: A; B. 


— 


y 1 5 | n en i. wen the Basels wherein the An- 
ts tecedent exceeds the . is com pared to the 
Conſcquent. | 


= As ARRR: ARR:: AR: S214! A: B R: B. 
| |] therefore by D(vifion. AR3 —AR52 AR * AR — 1 
Err A:: BR—B 3 


71 compound Katio, is when the. Antecedent and Con- 
© ſegqent taken ob as one, are Snares to the Conſe- 
quent it. fell. 


e e e 
| b 3 3 222 A: A. 
or AR FAK BRB: B. K. + 


| converſe Batto, is when the SUDO is compa- 
7 [red to the Exceſs wherein the Antegedent exceeds the 
| Conſequent. 


J As if ABTRBC: AB:: DRB TEE: DE. ee by 
Converſion, AB ＋ BC: B C:: DENTEE: E F. 


Note: The Six 1 P yopoſitions of this Book, ſerving 
| oply for the Proof of the that flew, by the Method 

Equimultiples, my intent * not to wſe that Me- 
42 are here omitted. | | 


od 


b NE "HW | PROP 


* 
IC 


n- 
ſe· 


Poox V. 
. 
, 


: 
þ. 


| ſave” Properties to cpu 


ATB. 


EveLids ELMz IE 145 
„ NR OF. u. 
antities A, B, have to the ſame vantity CG 


i and the —4 ey bas the 


Equal 


That is, A: C: :B:C, C:A::C:B, 
DEMONSTRATION. 


c: Bie. 414 c:. * GED 5 
COROLLARY. | 
Hence Quantities directly proportional, a (De 3) 


alſo Do by en 


PR O. P. VIII. 


Of unequal Quantities A, B, the yeater A, has n gres- 
ter Ratio to à third C, than 22 eſſer B; and this third 


C, has @ greater Nu to bhe leſſer B, than the greater A. 
A "C0 

That is, LB, SES. 

DEMONSTRATION. . 


lay, A=B, 


Te 75 


*Evetid's Er NWB. 
r» oO 


Aare A, E which rn ame Quantit 
2 22 Pr 1 A 


Book V. 


and if 4 Quant e 
— Cuantities A, B, hoſe & _ Quantities are 2 Es 
Suppoſe A: C: ü B: C. 
I lay, A = =.Þ. 


DEMONST RATION. 


a ſhould be _— n 
. vou be either [7 or -K 8. 


Suppoſe C: A: c. 3 1 


DEMONSTRATION. 


A ſhould be either Tora. | 
would be either 73 or -F a 


Hp: 
Wag 


<>” 


- | VS 
4+ QED. © 


PROP: 
f 


BooXx 


p. 


V. Everrp's ELEUzN rs 
N 7 Fon 


| 


I ſay, AEB. ; 76 | 8 
DEMONSTRATION. 


— 


= Q A & w .v 
Ar eo 


== 
S 


> G 
PS 


"x" 
O 

a > > 
Ly '' 


* "A 2 
” 
. 
= 
w 


151 


PROP. x. 


Of Quantities A, B, 


Suppole TIT: | 


0 
. 
* 
* 
| 
o 
A 


Il 
8 


ing Ratio to the ſame Quantity 


C, that Quantity A, which har the greater Ratio, is the 
greater Quantity; and that Quantity 
carries a greater Ratio, is the leſſer Quantity. 


to which the ſame © 


I WA a 
. 9 % 


N 2 ba of 
o | * 3 
— ** 
= * 5 * * 
, = 


O 


Joao Es 
A. 5 
fo E 

1 

4 

>| 

$0 


d d 
S.. 


4 2 | Pr WES dow > 3 ſon ts a9 Thi 
of | re alſe the ſame to one_anithey By . 

1 | Suppoſe A:B: EE and C. P-, .F. 
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inw dA, 42 (F. RO MM. 


T a 2521 — 


"wy 


Line A 


To divide a 
another Be ö 
AB: B D. | 


ame Manney As 
Sie:: 


3 
* A . 15 fo 


| MOITAATEHOMAC 
- 4. 0 RAY 10 


1 


1 


f 
- 
' 


DE NM ON 


CB||ED. Conf. 


AE: CC: A: D. 4 Q. E. F. FT 


T 1 .7;) warh H ont bog DA mot 
+1 ui 39218 bazwwbory BB & l wide 


PROP, 


Ge K 


EvcLiids ErrMenTs. 


P'ROP.! M. 


line: AB, AD being gives, £ 
*r e 


yy „ 5 © 
1 = AB:AD::AD:DE. 


s * io 


| [06:68 


DEMONSTRATION 


| AB:BC:AD:DB 3. 
 IBC— AD... Conft 
AS:4D;:AD:DE, Sab. d n. E * D. 


PROP. XIL 


- Three Ar DE, BY DE, 2 Go bein 


44 Foarth 
"PREPARATION. 


1 and thro E, draw (31: 1.) FHH EG; vich 
rern 


- 12 1 I Gay, 


given, to find out 
that wre 


— 


27 


Poor: VI. 


1 ſay, YE: E:: DG: Gh. 


DEMONSTRATION, 
f <a *» * 
_— FHN EG. Conſt. i WEYTT 
1 7 * E;EF: 8 ov. 1 0 E. F. & D. 


Two Rigbe- line: B D, DC. 


12 Fa: — Prejertional TY r 48. Dc. = 
FEA REP ARATIO N. 
I peer the Ne whole, Liv " e Diamerer, defer 
r b 
AB, AC, (31.3) +5 BAC be a Rightangle, | 
[x vy, BA:: a: G. 
DEMONSTRATION. OR, 
eu? [BAC is 2 14; Ca A 


BD:AD::AD:DC., Cor. 2.8. Q E. F. æD. 
| COROLLARY. 


Point 
„ 
the two 


PROP. 


- Evcrlid's ELEMENT 175 


180 


1 | Parall ms Bk BE, havi 
e to one 1765 * 8 
5 2 r 55 BY. which 


- 
_- 


4p. 3 8 88 


[ann BG: BRN 
N F 


1AB:26 6 ++4EBHBT,? 11. 3. Q. E. 


2 Eocirbd Eunimumbs IBO UI 
4 4 


R 0 F K. . 


0 17 4 1 


G; and the Sides . 
22 Ag AB:BG::EB:BC, 


ep ASE Fe = 


7 s A W. 


Ty Dy y oN er 


Mi A % | n 


B:BG:” 5 258 e 
BB:BC::DBF:SBH, », v 
ö 


ee LABG .O G: [81 


Nn ba ig — 2d; 40 


* E: ; 2 7. 19121101457 31 


gt 9111 10 N30 


t & & . E M ON. 


—_—_— OT OD —— — ¶ ]———— ———_ " 


Book: VI. 


* 
OP — 


EEB: BC: 


5 


AB: BE; A 41. 5. QED. 


181. 


Evciid's ELEMENTS. : 
DBMONSTRATION 
AB: BG: :EB: BC. 1 


BD: B 

| : BD: BH. -of J. 
EB: BC: : BF: BH. 1. 
B D: BH: BF: BH. N 


SDA. 9. 5. QE. P. 
„ PROP. XV. 
* 2 ACB, B, DEB, having one e ABC 


AB:BG: 


to — 8 have their Side _ e about 

|the equal ele 1 „ ſo that —— BE:: DB: Bc. 
And por: fe Tg haue one Angle A B C, equal to 
Jene DBE, and . which” are r the 4 qual An- 


gles reciprocal, ſo that AB:BE::DB: BC, are — 
Suppoſe AACB=2DBB, LABC=LDBE. 


PREPARATION. 


. AB, BB, wh and . the equal 
be ſet in a Line, - ſo (Scha. 15. 4.) 
DBC be likewiſe « D; N CE. 


| fay, A : Be c. 
E _ DEMONSTRATION, 


AACB=ADEB. Br. 


AD 
AACB:AECB::ADBB: AECB. 7 5. 
AACB: AEC B:: AB: BE. . 
AB: BE:: A DEB: AECR — „ 
DB: HC:: A BEB: AER CB. 1.8 - E 


— 


dg a) :Þ: 4.53 
Mb a TE Supa 


182 


21 1. 


D 
D 


Evcrid's ELEMENTS. 


* 


A 
A 


B 
B: 
B: 
B: 
=. 


BE:: DB: BC. 


BB:: AA CB: A 


B 
B 
C 
C 


I ay, AD=BC: 2 1 


42 


DBMONSTRATION. | 


A: B:: C: D. Hyp. | 
AD = BC. Lew. 1, „ QED. | 


Suppoſe AD=BG. 


AD=BC. Hhp. 


CB. 1. = 
C:: AACB:AECB. 11.3. 
82 1A DEB: ARECZB. 1. 


:AECB:: A DEB: ARCH It. 3. 
S=4ADEB. * SSD. | 


4 ſay, A: B::C:D, A 5 | . | 
DBMONSTRATION. | 


Boer VI 
| | Suppoſe CAB CL DBB AB: BE::DBBG | 
I fay, AACB=4 DEB. | | 
PBMONSTRATION. 


a : 0: . Lem. 5. QED. 


PROP 


I, 


OF-F-KSEE 


Q, a oþ. ws: = 


Poox VL- 


4 


8 
| 


«le 


AA 


| Refang 


EvcLin's ELEMENTS 163 
© PROP. xvn. 


Lines A, B, C, be continually Proportional, that 
:B::B: C the Reffangle of the two Extreams A, 
10 rhe Square of the Mean B. Abd if the 
'of the two Extreams A, C, be equal to the 
e of the Mean B, the three are Proportional. 


”. 


C, 


x | Suppoſe A: B:: B: c. 


| PREPARATION: 


e 


DEMONSTRATION. 


A D- 
| DEM ens rrerle 8. 
Ac 2 
[ex Hope: 
D —B. . 
AC= 2D. _— 
&:B:;:D;CG. 6. 


A:: ;. Sub. Q E. D 


| Aa- 


' PROP: 


* - 
.. 


PO 'ElgmenTs.' Boox VI. 


PROP. XVIIL . 
hee gives A to deſeribe- ht-lined 
on BGH, D Hes r f 


of E. 


PREPARATION | 


Make (23. 1.) {ABH=LCFE, /GBH=/DEx, 
LBHALZERC, Z BHG=4 FED, ſo (Cor. 2. 32. 1. 
2 LA=LC, (GSD, and conſ vently the A'A 

H, CFE, as alſo the GBH, DFE, are Bay? lar; 
alſo (Ax. 11) LABH+{GBH=/ CFR +/ DEE: 
{BHA + L BHG= L FEC+LZFED; thar is LA 


| [3G = LCFD, LAHG=LCED. 
11 foy ABGD, CFDE, are r. 


3 


| DEMONSTRATION. . 
AH: BH: CE: FE; BH: GH: FE: DE. 4. 
AH: GH:: CE: DE. 22.5. © | 
AB: BH: CF: FE; BN: BG;:: EE: EP. 4. 
AB: BG:: CE: FD. 23. 5. ' 
[AB: AH:: CF: CE; BG:GH: FD: DE. 4. 
Fe { G = 4D, ZLABG=Z CFD, AHG 
rc Ack CE /G=1D, BGH FED. 
DE; L ABG = / CFD, AB:ÞGi:CF: FD; £4 : 264 Hot 


AH: GH::CE:DE. 


| ace are Similar, Def. 1 1. nN. 


LEMMA 


o 


Poox VI. Evuctip's Elements 


—_— 


oo K. 


— — v9 


en MR, © | 


6— 


185 
+ LEMMA I. 


If three Quantities A, AR, ARR, be cantinually Pro- 
tional, that is, if A:AR::AR:ARR; then as the 
| Firſt (is to the Third, ſo is the Square of the Firſt to 
the Square of the Second. 


That is, A; An R:: AA: AA R. 

| DEMONSTRATION. 
AXARR= ARX AR. 

A: AR:: AR: AR R. Lem. 2. 5. 
AXAARR=—=ARRxAA. | 

A: an R:: AA: AA R. Lem. 2.5. Q E. D. 
| P R O'P. XIX. 


| Similar Triangles ABC, DEF, are in the Duplicate 
| ** ar as the Squares of their Homologoys Sides B C, 


| 


| PREPARATLON, 

To the Sides B C, E E, find (r1,) a third Proportional 
BG, ſo that BC: E E:: EF: BG, and join A G. 
II fay, AG:, :* ca: e fa. 


DEMONSTRATION: A | 
274% 


AB:BC::DE:EF. Def. 1. 
IBC: EF:: AB: DE. Cor. 7. 5. 
B C: EE: : EE: BG. Conft. 
AB: DE:: EF: BG. 11. 5. 
B 2 LE. Der. 1. a 
CBE, AB: DE:: EF: BG. 

ABG S AD EF. . 

BC:BG::AABC:A ARG. 1. 
BC:BG::AABC:ADEF. Sub. 
BC:BG::BCz:EFq. Lem 4. | 
ABC: GF:: Ba: EH. 1.5. G E. D. 


B bly = Conor 


* 
FO ———— 
* 
* * 


186 


* 
18 
ms HY 


| ſcribed | | 
| ſcribed upon the ſecond E F. 


Evciid's ELRMENTS. Book VI, 


COROLLARIES. 


Becauſe Step. 9.) BC: BG:: AA BC; A DEF, there- 
fore if three Lines BC, EF, BG, be Proportional, then 
as the firſt B C, is tothe third BG, ſo is the Triangle de- 
upon the firſt BC, to the Similar Triangle de- 


* 
=- 


Becauſs Equiangular Triangles are likewiſe (Scho. 1. 4) 
Similar, therefore Rquigngor Triangles, are alſo as the 
Squares of their Homologous Sides. 

„ e „ Kb OB. XL. 
Similar Polygons AB CDE, FGHIK, are divided inte 
an equal Number ef Similar Triangles, AB Cad FGH, 


ACD ad FHI, ADE and FIK. 2d. Thoſe Similar 
Triangles are Homologous to the wholes AB CDE, FGH 


IIK, /o that AA BC: AFGH:: ABC DE: FGHIE: : AAC 


D: AF HI: : AA DE: A FIK. 3d. The Polygons ABC 
DE, FGH IK, are in the licate Ratio, or as the 
Squares of their 'Homologous Sides CD, HI. 

ABN and FG, Ac and FH, ADE 
and FR, are Similar. 


DEMONSTRATION. E 


F 
LB L, BA:BC::GF:GH. Def. 1. 
ABO, FG H, are Equiangular. 6. 


CAC G: - OA 

= .FHG+4FHLI. Def, r. 
g >: 

„ 
BC: CD:: GH: H. 


CA 


Y © ESD &# =Y Þ»S W 


> 


Book VI. 


e. 8. 
*,*C. 6. 9. 
e. 10. 

Laſtly 


218. 


e. i. 11.13. 


e. 14. 


oA Keen 


110 


3d. 


3 
10 


11 
12 


13 
14 


L 


N 


2d. 


* 


0 


Evciips ELEMENTS. 1857 
CA: CD:: HF: HI. 22. 5. 
ACD S CF Hl, CA: CD:: HF: HL 
A*ACD, FHI, are Equiangular. 6. 
LE=LK, BA:ED::KF:KL. Def. 1. 
A,ADE, FIK, are Fquiangular. 6. 
A*ABC and FGH, ACD and FHI, ADE and FIK, 
are Equiangular. 
A'ABC and IT ACD ** FDI, ADE and FJb, 


are Similar. Se 


ABC: a 1 en:: 
e 40 SaSe l. 


DEMONSTRATION. 


A, AB C and FGH, ACDandFHI, are Similar. 7 
A ABC: A FOH: Af: H Fg :: AAC P: AFP HI' 19. 
AA BC: AF GH:: AAC D: AF HI. 11. 5. 
ACD and FHI, ADE and FIK, are Similar. 1//, 
AACD:AFHI::DAg:IFq,::4ADE:AFIK. 1. 
AACD:AFHI::AADE:AFIK. 11.5. 
AABC:AFGH::AACD: AFHI::ADE: AFIE., 
AABC: AFGH: A ABGS- AACD4+AADE 
AFGH + AFHI+A AFIK.” 12. 5. 
AABC:AFGH:: ABCDE: FGHIK. 
AABC:4 GD: :ABCDE:FGYJK::4A! 
CD:AFY : AA DE: AF IB, 11.5. Q. E. D, 


aBCDE:F GHAB: : CDqa:YJa. 
DEMONSTRATION. 


ABCDE:FGHIK::AACD:AFHL 24. 
CDg:HIgq:: : AA CD: — 19. 


ABCDE: F GDIJ ::CDq:YJaq, 11. 5. QE.D. 


B b-b 2 CO ROL 


2 


þ 


| cp: 


in the duplicate Ratio, or as the. Squares * 


; 


* 


Book VE 
COR O LLARIESõ. 


Similar Quadrilateral Figures AC DE, F HI, eres alſo 
mo- 


Evciin's ELEMENTS. 


logous Sides C D, H I. 


AACD:AFHI: JAADE:AFIX. 4 
AACD:AFHI::AACD+ AIDE AFHI+ 


EIK. 12. 5. 
AAC O: AEHI: Ac DE: EHIK. 
r 


ACD: AF HI: C7 H 1 


ese 48: 6d. Jq, 11.5. 


Therefore (19.) Similar Triangles, (Car. 1.) Similar 
Quadrilateral bigury, (26.Y Similar A — and conſe- 
vently univerſally, Similar Right- lined Figures, are in the 


Ro Ratio, or as the Squares of their nee Sides, 


IF to CD, HI, be taken a third Proportional L 
Reg as. the firſt CD, is to the third X, ſo is the Quadri- 
lateral Figure A CP E, deſcribed upon the CD, to 
the Similar Quadrilateral Figure F HI K, deſcribed upon 


the ſecond 12 ſo is the Polygon ABCD E, deſcribed up- 


on the. firſt CD, to the Similar Polygan 226 de- 


ſeribed upon the ſecond HI. 


X GM 
ACDE:FHI 
e 0 
I Be 21 5+ 


:HIgq. Lem. 1. 
: (Car. 1.) CD: H I:: (3d.) ABC 


: ABC DE: f G 


There. 


* "WE? - * 1. * * 
* 
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| - 
4 | Therefore if three Ri _ ard Proportional, then | 
as the Firft is to the hird, fo (Cor. 2. 19) B the | 
Triangle, ſo (Cor. 3.) is the Quadrilateral Fi K* and " 
Poly gon, and con —_— ſo univerſally 
lined F are, deſeri upon the Firſt, — the . | 


One de ibed upon the Second, - 1 
P R O P. XXI. | 
Right-lined * ABC, DET, which are Similar 10 


the ; no Right-lined Figure HGF, are alſo Similar to- 
one another. 


[Thar , ABC, D E 4, are Similar, 
DEMONSTRATION. 


Aft 


LAS LH = CHO: AC::HG:HF: DE. DI; 
IIC SLR 8 CB: :HF: F G:: DI: IE; LB 
1 28 E, A CB::HG: FG. : DE- IE. Def. 1. 
e. 1. 1 [ABC, HGE, DEL as Similar, Def. 1. 

e. 2.3 |[ABC, DEI, are Similar, Q. E. D. 


cer PROP. 


- 
F 


oK 


— — 
„ CO 


0 


? > 
* 


** * 
1 
. 


[ED:X: 


, 


EvcLip's ELEMENTS. 


4 o 
* A = 
q N ＋ - 6 * = 
* A. * 8 = - 2 
— \ [I A 8 : 
- * " FP 2 * * 
2 9 


Boox VI. 


PRO P. XXII. 


Right diner AB, CD, EF, GH, are Proporti- 
8. fa AB:CD::EÞ: IF, GH, ne, Prop 
lined Figures K AB, LCD, MF, NH, aeſcribed upon 
thoſe Lines, are Proportional. And if the Similar Rig gut- 
lined Figares K A B, LCD, MF, NH, are Proportional, 
that is, if KAB: LCD: MF; NH, the four. Lines AB, 
CD, E en which they are deſcribed, are Pro- 
portional. 


Suppoſe AB:CD::BF:GH. 
PREPARATION. 

To AB, CD, find (11.) a third Proportional X, ſo 

that AB: CD: : CD: X; alſo to EE, GH, find (11. a 


| [third Proportional 2, ſo that E F: GH:: GH: Z. 


I , KABIV/CD::WF NV. 


DEMONSTRATION. FA 
AB: CD. EF: GH. He- 57 


AB: CD:: CD: Xx Conf. 
EF: GH:: C B: X. 11. F. 
MA 


EF: GH:: GH: Z. N 
GH: 4 "GI 
5 EF: GH; Dy X: 0 H:. 
755 Tek FZ. A. Bo. : 
155 KAB: LCD. Cor. 4. 40. 
2 KB. LCD. 11. 5. 
32 MF: NH. Cor. 4. 20. 


KAB:LCD::WÞF:NY. 11.5. Q E. P. 
Suppoſe KAB: LC D:: ME: N H. 


P RE- 


ſo 


. 9 * * — 
2 . „. . C* 
g . 
= — 
7 R 1 
* 


IA ight.-lined Figures" MB, . NH. 


WNW Ouew tp = 


= 


Evciiy's Ernmants. 191 


PREPARATION. 


| | 
To- AB, C D, EF, find £12.) a fourth Proporti nal P 
ſo that AB: CD:: EE: PR; then upon P R . 


68) che Righelined Figure 8 R, Similar to the Similar 


DEMONSTRATION, 


AB:CD::EF:PR. _ 
{KAB;:LCD:;:MF:SR. 
KAB:LCD::MF:NH. Hp. 
MF:SR: MF: NH. II. 125 

PR GH. 

AB:CD::EF:GH., n. Q B. D. 
| -P K'©O- P. i. 


Equiangular Parallelograms B D, BF, „ is; © Ravi 
3 of that their Sides. N 
PREPARATION. 


„ e be 
ſo (Scho. 15. 1. ſhall'B BC. be 


0 Os OT? 


1 


— 


| DbBMONSTRAT ION. 1 
| ©BD:DBH::AB: BG; PBH:DBF: -CB:BE I; | 
SSD KB BH CB 

'= FC SEF BY Def 2. 5. 8 
| FBD BH 


| LGFE=/GAE. 34 1. © — 


R | 
| LAEF=Z ABC=ZPHC;ZAGF=/ ADC=/ PKC. 


Evcrid's ELMENTrs. Book VI. 


PRO P. XV. 


In every Paralle am BD, the Porallelograms E G, K H 
which are about «4 Diameter AC, are Similar to the 
whole B D, and alſo to one another. | 


PREPARATION, 


With the Right-lines GH, EK, drawn thro* the Point 
E, taken at Pleaſure in the Diagonal AC, parallel to the 
oppoſite Sides, divide the Parallelogram B D, into four 
Parallelograms EG, EH, GK, KH, ſo (Scbo. 2. 4.) are 
= two Triangles AEF, FHC, Similar to the Triangle 
ABC, the two AGF, FKC, Similar to the Triangle 


[Ab C, and conſequently (21.) the three Triangles A EF, 
[ABC, FHC, as alſo the three AGF, ADC, FKC, 


are S 


ay, EG, BY, BD, are Similar. 


"DEMONSTRATION. 


(GFE LRF H. 15. . 8 — 
GAR SKF H. Ax. 1. | | 
{ GFE=/KCH. Av. 1. D 


9 


29. 1. N gen 
fre 
1. A Oy 
AE=GF, AB Det, EFH = KC. .. 
GP:EEF:DC:BC;KC:HC; AG:AE::AD:AB::FK:FH, 


: wo * . 221 


{GFE 


Boox' VL -Eveurd's: — 
cer xc GB:BF:DC:BC::KC:HC; .GAE 


ve. g. NS. 7. 


*. 10. 


= 


* 
NAK. * 


ER 


by ther Right -lined Figure given 


1 


* 


— * * 
8 1 1 


1 


193 
KEH, 40: AE. A D: AB. FK: FPti, C AEP=/ ABC 


|[=£ BHC, AB:EF::AB:BGzFH:HC;  AGF=Z ADC 
AG;GF::AD: DC:FK;KC. 


Ah. BD, are Similar. Def. I. * | 


PROP. XXV. 


Unto a Right lined Figere given ABC, to de 
nother KO Similar, which pal alſo be 


SE G, 


Hh 


of 


ſcribe as 
to a- 


PR E PAR AT I O N. 

44- 1. BE AB and u 
CE, — 15 2 betwizt 90 A4. . 
find (13) a mean Proportional G H, ſo that B C. G HGH: 
CY, upon J make 050 Kolb Similar to AB C. 


1 SY = __ 
DEMONSTRATION. 


pon BC, make 


BC: CF: -ABCKGH. Cer. 4.2 20. 
BC; C FH: BE: CM. 1. 
ABC: KGH:: BE: SCN 
PBE=ABC. Gon/t. 
Kae "A BC:DOCM. Sub. 

GH= SCM. 19. 5. 4 

— CM. 
3852 


1 Fey 
We 


D n an D b. 


4.7 842 


ſhall bere omit the 8 8 Gt 
n thut are _ \o little Conſequeyce. 


and 29th | 
PROP. 
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— 
— — 


That is, BG+AL =BF, 


0 ik * — * * — 


„ I 
— 1 WW 
* s 5 


Euctip's ELEMENTS 


* 
JFC 

To cut @ finite Rig according to ex. 

tream and mean Rat, Jo h AB: Fy :AG: * N 


PREPARATION. 
Make (x1. 2.) AGq=ABxGB. 


[ fay, AB: AG::AG: GB. 
8 
4 = ABxGB. Conf. A —} 
A : AC ::AG:GB, 27. QUE & D. 
= . | PROF. XXII. 
| Is oxy Rightraagled Triangle A B C. the Sum of 
two Similar Right-lined Rees B — A L, deſcribed - 
on the Sides AB, AC, is equal to the Similar Right- 
lined Fi . B E, 340 54 upon the Sige B 0 ſubtending 
_ |#be Right-angje B A C. | 


DEMONSTRATION, 


BG: BF::A AL: — 30 C 
1BG+AL:B 244 Cy: 1 * EI 
BG+AL: A By Bo 4 Ach: 25 76. 5. 
ERS: :BG+ AL::BCe: 'BY Gm .. 
5 AI, 45. QED. + 


The 32d, Propoſition is uſeleſs. 


Jn” TT? 


e l 


Book VI. 
ſ 2 11.4.2... @KOP. ee 


— 


G AA 0 


MM WO 
0 


— 


| 


| 
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In equal Circles ABC, DE E, the ler hawt the ſame | 
Ratio with their Arches B C, EF, 2 they 7 ; 

whether they be at the Centers, a BGC, EHF, or af 
the Circumferences, as A, D. 


PREPARATION. 


Set off (the Circles being equal) Arch CI = Arch EF, 
and draw G I, ſo (27. 3.) is CGT IHR 


| 2: Arch BC: arch EF: n 


go the Make of the CB GC: 6 the LC 


1GlI:: BG C:/ CGL 


Arch BC is the Meaſure of the 3G C, Arch CI the 
Meaſure of the ( C GI. 

Arch BC; Arch CI:: (BGC: 4 CGI. Sub. 

Arch CI = Arch E F. CGI LEHRE. Coat. 

Arch BC: Arch EF: : BGC: EHF. Sab. 
£BGC-;4BGCOC: 2E HF: A 
BGC: LEH H:: BGC: LEH F. 16 5. 

CAS BGC, LD =:LRHEF. 20. 3. 

BGC: LEH F:: CA: (CD. Sub. 

Arch BT: ny EF: :LBGC:C EDF :: A:. 


11. 5. 


SCHOLIUM. 


* the ſame Circle A B C, the Angles BG C, CGI, at 
the Center, (and conſequently their Halves at the Circum- 


ference) have (Step. 3.) the ſame Ratio with their Arches 
B C, CI. The ſame is true of the Sectors GBCG, GCIG 
as alſo of the Sectors G B CG, HE EH, in the fame, and 
equal Circles, conſidering them as Angles. CO. 


 Evcuups EriMants 


THLAK EZ COROLLARIES. 18 
\ T1 0 [ _ 4. B AC, is to a. 
, 368 Righe angle fa (Sabo, 3 3% is the 
I Arch BC to. ris Quacranc) 5 S. Tres. 
fore as the Angle, el ogg} ag Nor 
is to four angles, ſo is the. 
1 95 BC; four Right oy ag to four. 
14 Quadrants, dar | is, 40. he ce Peri FE 


196 


o = 
a2 The nd BG, of u Cirdds, 
| | tefid equal Angles, "whether at r 


I I AC, or at Periphrie, are Similar ; 35 
Arch DE, is to the whole Periphery DFH, fo is the 
Ach BE, to the whole Perighery RC . 


1ADAFagrd:: Arch DF:DFH. Cor. I 
| ; 3 ar ARG DE: DEH. 

Alſo 3 n : Arch BC: BCI. 1 
erz. 3.14 Arch D :DFD2; Arch BC; ;BCJ, 


4 _Iy Two Semidla meters AB, ac, cut 200 (Cor 2.) Si- 
8 ilar Arches DF, BC, from Concentric 


iind The al of th Sb Bok 


_. EucLID's 


; 


EUCLID's ELEMENTS, 


Demonſtrated after a New, Plain, and Eaſi: 


1797 


28 5 . e 
Ht l 
o 


METHOD. 


BOOK XI. 


DE FEINITIO NS. 
Body or Solid, is that which hath Length, 


4 W El Brea th, and Thickneſs. 
| DM 
As the Figure A D, whoſe | Mi | 8 
Lengih 1s / AB, Breadth BC, and Thick- C ref aj 4 


Becauſe a Body or Solid, hath Length, Bread th, 
and Thickneſs, it is called a Quantity of three Di- 
menſions, and is N to conſiſt of an Infinite Num- 
ber of Surfaces. 


The Extrem̃ities, or Ends of a Solid, are Super- 
ficies's or Surfaces, 


Ee. e 4 Ultght-- 


| 
| 


iss alſo Perpendicular to the other CD. 
0” ina? <1 439 2 


[CD, and from the Point 


+ &£ - $4 % A 
P 1 


Evciid's ELEMENTS» Book Xl. 
A Right-line is Perpendicular to a Plane, 


when tis Perpendicular to, or makes Right - angles with, 


| [all the Right-lines it meets in that Plane. 
| Thus the Right line AB, is Fer-. 4 


endicular to the Plane CE, if it 
Perpendicular to, or make Right- 

angles with, all the Right-lines BC, 

133 BF, it meets in that 
8 | 


One Plane is Perpendicular: to another, when 
a Perpendicular Line drawn upon one of them to the 
common Section, is alſo. Perpendicular to the other. 


Thus the Plane A B, is Perpendicular 
to the Plane CD, becauſe the Line EF, 
drawn upon one of the Planes A B, Per- 1 
ndicular to the common Section GB, 


If the Line E K, be not Perpendicular to the Plane 
fron E, a Perpendicular E F, be 
drawn to it, and alſo the Line K F; the Angle E K E, 


[i = Inclination of the Line EK to the Plane 


The Inclinatiom of one Plane to another, is 
the Acute Angle form'd by the two Perpendiculars, 
drawn upon each Plane, to their common Section. 


Thus 


Book XI, Evciid's ELEMENTS. 


| | Thus the Jnclination of the 
Plane A B, to the Plane CD, is 
the Acute Angle E FG, form'd by 
the two Perpendiculars EF, G E, 
drawn upon each Plane to the com- 
mon Seckion. 


7 | . Pazallel Planes, are ſuch as being produced infi- 
_ | nitely, will never meet. alk! 


8 A Solid Angle u, is that which 
is contained under more than two 
Plane Angles BAC, BAD, CAD, 
not being in the ſame Plane, but meet- 
ing all at one Point A. 


| A 


19 | 4 Priſm, is a Solid Figure contained 4 7 
1 1 _o þ , 


under Planes, whereof the two oppoſite 
A, B, are Parallel, Similar, and Equal; but 
the others are Parallelograms. 


ol A Parallelepipedon, is a Solid Figure, contained un- 
der ſix Qyadrilateral Figures, whereof thoſe which are 
oppoſite are Parallel, | 


* 


111 Similar Solids, are ſuch as are bounded by an 


: 


equal Number of Similar Planes. 


12] Similar and equal Solids. are ſuch as are bound- 
| Jed by an equal Number of Similar and equal Planes. 
| 1 F i. x 4 . 


Ee e 2 „ PROM 


II | ,BDC+LEDF=2rLo. 


Evciip's ELEMENX TE Boox XI. 


. . 
* [Pl Te in that Plane. | B. if produced, ui 


PREPARATION. 


Draw (1 1. 1.) from the Point D, in the Plane AB, 
the Right-line DE CD, and another DF DE. 


I fay, The Right-line CD produced, is in the 
Plane 4 B. * | 05 


| DEMONSTRATION. 


. 10. I. 
Tbe Right- lines CD, DF, OL Right-line C F. 14. 1. 
The Right-lines CD, DF, are in the Plane A B. Conf. 
The Right-line CF, is in the Plane AB. 
i CD produced, is in the Plane A B. 


PROP. II. 


| 


Every Triangle ABC, is in the ſame Plaue; ar are 
alſo two Right-lines CD, BE, which — each other. 


PREPARATION. 
Draw at Pleaſure in the AABC, the Right line F G. 
I fay 


I fay AABC fs. in the ſame Plane, 
as are allo CD, BE, 


DEMONSTRATION. B 


vn of the Aa, bed be in due Plane, 
iss in another. 

EB, would be in different Planes. 
AP. c tie . ABC) is novin 0 1. 
Fart e AA is not in ono Plane, in auser, 
AAB is in the fame Plane. of 
[CA, BA, are in the lame Plane. 
CD, BE, are in the ſame Plane. 1. 


AABE in the ſame Plane, as are alſo CD, BE.. 


yl "PROP. II. 

The comnion' Seftian BF, of two Planes A chi. 
Je Rede. , = 
8 PREPARATION. 


"Theo? the Poines E. fl of the common Section E FE, 


draw 1.) in AB, the en 
in gabe e B. che Right-line HE 3655 


. 
Either the Right-lines EOF, EHE, will coincide in 
common Section, and make one Ri -ht-line E F. 
Two RightJines EGF, EHE, will include Space. 
Two —— cannot include Space. Ax. 20. 


The Ri EGF, EHF, will — in the com- 
mon ion, and make one Right-line EF. 


The commou Fection Ex EF is a Right: Line. Q Bs D. 


5 and drawn thro? the Point 


ABC = ABD= /. ABE=/. ABP.Coxf. 


EvcLid's ElzMEnTs. Book XL 
PROP. . 
4 Rigbr- ue AB, be to two other CD, 


E E, which cut eack ker! ls Pate Bo 
ABD, ABE, A BF, be Right-angles, it 


that ABC 
Il be alſo Pere. 


[pendicalar to fie Plane of the ſame Lines, 


P REP ARATION. 
Make BC=BD=BE BF, and having joined E 
x B, ring, 10 T3 
Pleaſure, join AE, AG, AC, AF, AH, AD. 

I fay, As 1 the Plane ECFD, 

DEMONSTRATION. 


BC=BD=BE= BF, AB is common, A. 


* 


* 


AC SAD, AE= AF. 1. 
CBE BE, {.CBG= Z DBH. 15. 1. 
BC—BD, BE=BF, /.CBE= DBE. 
ECS DE, / BCG=/ BDH. 4. 1. 
BC BD, {BCG=ZBDH, CCBG=LDBHU. 
CG=DH, BGS BH. 26.7. 


[ꝗAC S Ad, AB AF, DG DEF. 


CG=DH, AC= AD, ZACE=LADN. 
AG= AH. 

BGS BH, aG=an, AB is comm 
ABLGH. Def. 10. 1. 

After the fame Manner, is AB 4. all the 


Right-lines it 
meets in the Plane ECF 
ABL the Plane ECFD. Def. 3. Q. E. D. 


PROP. 
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, 


AROF Vo 


Right-line A B, B, be perpendicular to three others B 
8 fl 28 BE, which cut each other at the ſame Point B, 0 


will be all three in the ſame Plaxe. 
PREPARATION. 


If SAEED, 75 to be the erm pop dep mp = 
A conſequently not to be in t me 

—— BC, BD, which (2.) are in the ſame Plane 

58 other Right. line B G, be the common Section; 


LB 
B being. 8515 wil s 0 by Lr 2 


that Righe-line BG, be (Def. 3) Right. | 


1 ay, BE, BD, BE, are in the ſame Plane 


DEMONSTRATION. 


If any other Line, beſides BE, ſhould be the common Sefton 

of the two Planes ; as BG. 

LANG, 5 form'd by "LAB and that Right-line BG would 
ight 


| ABE is Right. Conf. - 


ABE would be = LABG. Ax. 21. 

LABEL LABG. Ax. 17 

No other line, beſides BE, is the 3 
of the two 

B E is the common Section of the two Planes. 


8 [BC, BD, BE, are in the ſame Plane, QE D. 


Fife PRO P. 


bo; 


* 61. 2. 3. 


13. 1. 


e. 14. 3. 


oo” E. 1 Jo. 


22 

1 
— 
. 1.2 
95 
4. 


Ti 
6 
17 
8 
9 


nme th. 


e E # 


N 


K. 0 # 
2 


45, to (Def: 


1 


EyGiid's ELEMENTS: | 5 Book XI. 
| 1 


2 
he 
2. 45 e D, C8, Le 1555 
two Lines are par 


PREPARATION. 


In the Plane EE, wy I1s 1. GIB and = 


10, 1.) s&. (GDB Right, and conſequent- 


| ly (Av. 210 1 n OY . AG AD. 
s 4 


1! 4% AB ex. 


- * 
— . 
\& 

bu 


DEMONSTRATION. 


GD = =AB, BD is common, a5 Conft, 
ADS BG. 4.1: 

A & is n ABD, CDB, are 2 Conſt. 
G DS AB, AD 6, AG is oommon. 
reh . I, <A 
ABG is a 1. * 
Gar. Her- 
GD 1A. Def. 10. 17 
CDG is a r{. Def 3. 
GD. LCD. Def. 10. 1. 
GD 4 CD, AD, BD. 5 
CD, AD, BD, are in the fune Plane 5. 
AB, AD, BD, are in the fame Plane. 2. 
AB, CD, are in the fame Plane. | 
AB; CB, are in r. KEN CDB, aer. 
A8 C. 28. 1. Q E. D. 


5 


LE 


' 


P-R OP. 


Book XI. Everto' ELEMENTS. 205 
HISEITE 5» © 5S. 


— I there be two paralle Right-lines A B, CD, and any 
Points E, E, le taken in both: of them, the Right-line EF, 
. the Ir is in e ſame my” with thoſe 

ar "x * 


PREPARATION. 


"The Parallels A B, CD, being in one Plane, let the 
line R E, be in another Plane H E, which cuts the 


— F< = that AS » are 22 in the Points E, F, and 
| EF ig. the lame plane | 
"AB, CD. 


bn ARLEN C—X 


I If any other Line, beſides EF, ſhould be he common 
| {Seftion of the two Planes; 2s HG F. 

That Line EGF, would be à Right line: 3 

Two Rs foo EF, EGF, would e e 


Ty ot include Space. Ax. 20. 
1 Lu belles BF. is che common-Seion of be 


pack” 
[EF is the common Sion of the two . 


EF r or ann: A. CD, QB. D. 

PR O P. VIE : 

| two ae Lines AB, CD, the the AB endi 

N dee Jor 7 Plow BE, an METER wil be fende. 
3% | to the ſame Plane. 


<F1 1 J. 6 


* 
WW & —— 


| 


1 
4 
3 


ran 


Evcury's ELEMENTs. Book XI. 
v8 PREPARATION. 
Draw the Line BD, cutting the Parallels in the Points B, 


| 1D, o (ABD being (Def. quem,  Right-angle) will the An. 

gle (DB, be (29. +) all Rig, La Plane E E, draw (11. 

1 4 15 GD BD and = ſo (Def. 10. 1.) is 0B 

ht, and 5 (A 21.) = CZ ABD, draw allo 
86 AG, A5. 


If ay CD1EF. TR 
| DEMONSTRATION. 


* GD= AB, BDis coramon, L6DB=raBD. Conſt. 
* Co 12 AD 2g. 4. 
— Aga}3 AG 5 GDB, CDB, are 4 Cant. 
ve. l. 3. f [GD = AB, AD= «BG, AG is common. 
| Cn ET GDA=4 ABG.;; TBVUHOMITG: 


. e. 6. 
2 7. 


6 

NE en GDI the ABC 7 nn, 45 7 
AT I 12. — 4 1 «CH 
e. 3.13. 
. 14 
. 15. 


206 


| 


| 


_ | line P, bur as in the ame Plane db, ick, 


the other 
PREPARATION. 


In the Plane of the Parallels AB, BF, draw GH EF; 
alfo in the Plane of the Parallels CD, EF, draw GLLEF. 


[ fay, AB1|CD, 
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Ir 5 
| DEMONSTRATION. —— | 
EG.. GH, GI. Conf. —D 
e. 1.12 [EGI the Plane of GH, GL 4+ | g 
Again]; |AR||EG. Hy: "_ 
e. 3. 2.4 JAB||EG, E G1 the Plane of GH, GI. 
e. 4.5 ABI the Plane of GH, GI. 8. 
Laſtly]s |CD||EG. Hip- 
e. 2. 7 CD|EBG, EGI the Plane of GH, GI. 
e. 2.8 |CD L the Plane of GH, GL 8. 
e. 5. 8. AB, CD, are the Plane of GH, GL 
„Ae. l:t0 


AC D. 6. Q E. D. 


PN OERE UN 


two Right-lines AB, A C, touchi 
rellel to two other Right- les D E, D 


82 anat her, Je pa- 
touching One au- 
ther, but not in the ſame Plane with them, theſe eighe-lines 


| [contain equal Angles BAC, E DEF. 


PREPARATION, 


Mid 4 Wer 290 9 and join BC. BF» 
e berger 


ine Told 


/ 


| 1 AB||DE, AC||DF. * 
eG 1. 2. 3 AB ll and DE, , AC|| Ker DP. „ 
9.6.4. 5 ++7a 1 * * 1. 
Alſo e. 4.16 BE 9. 
46.65. 7 [BE\| and = CP. 
8 ve. 2.8 [BC=EE. 33 1. 
„. 2.8. 9 AB = DE, AC = DE, BC SER 
Le.. 10 LBAC=LEDF. 8. 1. E. D. ; 
7 Ggg 2 1 PRO 


| | Line AB, perpendicular to the ſaid Plane, 


=} 7 55 
2er 


0 


— — 


Boos Pei gives l, without a Pla CD/ to tet fall 


PREPARATION. 


In the Plane CD, "raw arty Lido BB; hs hich 
from the Point A A, let. fall ( (12. 1 the LAG; and from 
the Point G, in the Plane CD, draw (11. 1.) the 1 GI, 
upon which, let fall (12. 1.) the LAB, and thro? the 
Point B, draw G. 1.) HB|| EG. 


STRYULSECED) 3 


E 146, 
EGI the 
E G. Conſt 


a ACh 4. 


all 


Gd BY 


. 10 


— 


T 


4 
- 


| cb and chro? the Poine B, draw (fu. 
| [7 a ale. 
| [DEMONSTRATION 
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1 hs 


PR OE. XI. 


8 From a Point given B, in a Plane E E, to nd gte 
Line * perpendicular” to the ſaid Plaue. YL 


3 PREPARATION. 


Upon che Plane E F, let fall (11. ST. Ir cog i 


ABI} CD, CD 1 BF. ca,. 
EV DL BF. Gow 


ESO neee 


thro! the ame Point. 
N PREPARATION. 


3 


L fay, ED and e E are'not 1 AB. 
| DEMONSTRATION. 


If CD and CE were LAB. 
CD would be 2 8 
CD i not |] CE. 
CD ad C 


are. mot 1 f. A p. 


-lines, n be drawn anions ole to a Plane, 


The, the Point C, in che Plane AB, draw the Righr- | 
uns CD, CE. 


r #hs {PROM 


For 


| to. be produced rill they -weer in ſome Line 


NI alſo e 
| 


of 


712 v5, CD1EF. - "44 


* 


being p 
es ||EF, 5%. 7. KB, b. 
Fg PROP. XV. 


el to two others DE, D 


ſſo (o are they 


Euclip's ELEUEN TS. 


Boox XI. 


ern IV; +: 
Planet CD, EF, to which the {av Right-lize AB is 


Perpendicular, are farollel, 


PREPARATION. 


If CD, E F, be ſaid. not to be parallel, e them 
GH, in 
any Point I, draw to it the e 
e ſaid Planes ; fo (Off ) will TAB, 3 


22 * 


; 
„* >. 


| DEMONSTRATION | 


If CD, E E, being produced, ſhould ever 
mp; 6 ? GH. 


two £* of a A, would be Fe 


To PIR d Os Nana 
CD, EE, rod will never meet; as in G H. 


„* 


me Lines AB, AC, touching i the) coder; be paral- 
E, * one the other, but not 
is the fame Plane with them, their Planes BC, EF, ore 


* PREPARATION. 


U the hab; ed ACA BR, and thro? the 
Peint G, where it meets the draw (31. 1.) in the 
ſame Plane, the gigs GH, WM allel to. DE, DF, 
parallel to A B, AG; moreover H G4, 

h GA, are (Def. 3.) Right-angles. 1 67 
7 


 EvcLip's: ELEMENTS 


5 TY BEEF. 
is 
We DEMONSTRATION, 
{7 GH ABHGA «a r Gage +4 
2 [BAG isa r/_. 29. 1. 
3 [GIN AC, FGA b.. Conf. 
4 |CAGisarL. 29.1. 
[5 BAG, CAG, are r.. 
16 |JAG.LAB, AC. Def. 19... 
7 12 | 
9 AGLA * | 
10 BK ef. ** D vet 4} 


PROP, . 


r 
Plane E E, . 


_ - | That is, E 5 86. e - b 
DEMONSTRATION... 


r EH, GB, being produced, will ill be: the Planes + AB, 


| 

I |CD; produced. 1. | 
2 The Planes AB, CD, being produced, vil never meet. | 

1 

| 

| 

| 

1 


Def. 7- | 
13 BH, p. being. produced, will never mec. 4 
16 25 [f. B 34:1: . 1435 | 
g 40 Aen. 4+ 5 IJ; , : Derg a \ 

: 2 A pt] 1 a, 1:1 mud 205 . | 5 

5 | NOI: 66} 1 4 A 4074 "= 21x © c ; P R O'P.. 


% - 
4 
— - 
” o 
1 
- —_ 
* > 
- 


= : WV 
* . : v B 8 i 
— by 3 9 2 
* &: Tel 2 in NA 0:0 Ds. 6. n 
5 


Neil ernennen D 15 
Je FD AG: on 2. & _ 
| ATE: EB: 4 , in ö 


. 
% 
Y * 
* 9 
| 
- 
. 


r as alſo 
Point O 


1 eng * * 


Beete Errusure Bvox: XI 
| E P * OP. In. Vil 'E 
eus Rigts Jin „Ne. . eee paralet Planes 


KL vg the 


* 


* Var; 33 


"I Bo Planes 12 8551 


DEM JETS ATION. 


* 
OFT ron en 


cr 
. 


* SY r n, 
n 4 . 9 A. " 8s 4 ' 
„ aT 


* 
"Ic 


2 Flane EE the L H 
(Def: 16. 1) Rightanghe) BHI 6 


Wh. 4 
«4 — 1 
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[7.3.4 an the Planes, in which ax is found, are 1 


F 1 DEMONSTRATION. 
Ii JutyaB, an ICD. c. 
. I. 2 HILCD. 8. 
e. 2.13 [EFI CD. Def. 4 
Alſo|4 | After the canes ae all the obe Planes, in which 
5 Au the planes, 
& E. P. 

"IX ab PROP. XIX. 


AB, ED, which cut each other, Ie fer- 
another Plane IK, their common Setrion ER, 


goo who Apr no 
PREPARATION. 


he Point E, _ 1) in the Planes AB, ED, 
G, FH „perpendicular to the common 


lines F 
BED, (AB u BD being (Hp) I 
FH allo (Def. 40 LIK. | 8 


# 1 —— + 
— [DEMONSTRATION 


* 1 | Either 1. FG, FH, will coincide in the 

| common Section, and n F 

Or |z | Two Right: lines can be Aren In Fl thre” the dne 
But 


Point. 
3 Two Right lines cannot be drawn I. a Plane, thro the ſame 
D | 


Point. 13. 
is | EFLAK. Q. E. D. 
r ſ ede common Senion 1117 aD r 


12 — * 


_ <a 


mn * 
n 


818 


12 nm — Ps Q KB, D, 


4-1 
1BD+DCC' BC. 20. I. 


DCEEC Ax. 16. 


| EvcLid's ELRMRNTsò. 


Book XL 


40 | 


PROP. XX. 


F a Solid Angle A, be contained wider three Plane An- 
les BAC, BAD, CAD, any two of them bor ſoc ver ta- 
ten are greater than that which remains |: ; ſo that the 


wn of the Leſſer * CAD, BAD, #s greater than 


be greateſt BAC. 


PREPARATION. 


From the greateſt BAC, take (23. 10 {BAE=/ 
B AD, and making Dc AS r BEC, BD, DC. 


ray car +£BADCLBAE, 


DEMONSTRATION. 


AD=—AE, AB is common, L BAE=£ BAD. Conf. 
2 


BE BD. 


BETDPCE BC. Seb. 
48885 'BE+EC. 


| N J 
4 vn tins. 
AC is common. 


[AB AE, AC is common, DC CRC. 


CCADCLAICAE. 25. 1. 
ZCADTZBABPCTCARYZ BAD. Ax. 1 
LCAD+LBADCLALCAE+BAE, Sub. 


15. 


4 


PROP. 


1 
1 
e 
* 


Book XI. 
A. 


Euclib's ELEMRN Ts. 215 
eRnO r. XX. : 
3 Solid 4 A, is 'contained under leſs FM thas 


Right- 
for 4 PREPARATION. 


ne 

any-wiſe, and ma as riangles A | 
Wige the Ang les of the 
Plane by X, and the Sum of all the 


DEMONSTRATION. 


2 twice as many 14 e Dc 


Sides. The. 1. 1. 

X + 47 {.* = twice as many r as the Plane hath — 
Z + A twice as many 72 cke, hath Sides. 32. 1 
Z + A X ANC! ! | 


/ A mg "IT 
44, Q E. 2 


De FE: and 23d Propaftions are 440 


PRO P. XXIV. 


B, be.cantained under parallel Planes, the 
Me e W W * 


Ls 
So 


eee: 


PRE: f 


FH 


xd * 


2» 
- 4 


Ig. <2 
a: a 8 
DE | 
— 
1 


- 
- 00 — 


0 


ne HC. Dey 


1A" DAF, CH 


"3 
. 
a7 
; # % 
* * 


n 3 ELEMENTS. Book XI. 
PREPARATION: 


1 
* 


Draw DF, CG. 


5 159, ey oppoſite Planes are ſimilar and equal ©: 


# + 3 2 


"DEMONSTRATION. 


g 


a Bach Plane cuts four others, whereof the Oppoſites are paral- 


The common Sections of each 9 Planes 


are parallel. 16. 
Each Plane is a . Def: 35. 1. 


AF = HC, AD = HC. 3 ay P 

OF re 

. DAF, , CHG, are equiangular 

== kk = ET ſimilar 

an 
PRO P. XV. 


/ 25 "as : * 
= 


« ger un A B, be the by 4 Plane CD, 
125 to og 4D, AF, . the Solids A bo 


E beh. that Due are to one « 
L e 5 


R K- 


Book XI. 
| 


*— 


PROP. N. E 
redn A B, is divided into twp eue! Priſm: 
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. PREPARATION, 


Imagine Planes parallel to the common Baſe A G, to 
| Paſs thro? all the Points of the Line AH, that may be 
kts for the common Height of the two Solids A C, 

z and theſe Planes will divide the Solids into little 
Ps or Surfaoes, 
(Def. 1.) they are te hepnalid wp conſiſt, 


I fay, AJ: EA:: Ac: EC, 
Drxonrekutiex I 


Each Plane of each Solid is — its Baſe. 24. 
AI:EI:: each Plane of AC: each Plane of EC. 


AJ:EJ::AC:EE, Q E. D 
The 26th and 23#h Propoſitions are ee 


"> 
* N 
* 7 0 , 


En all the Planes of AC: al the Par bf BG. 1 


DEMONSTRATION. 


DC is common. Conſt. 
Ape fu ye = hg teen equal. 24. 


BE and FA, are 
BDH and EB ti, F "and AGC, their Iabves, s equal 


2 


E DH, FGC and AG C, are equal. 
BDHFGC=EDVYSE. Def. 12. 


Q. E. D. 
WW; 


* in number in both, of which 


A Parallele 
BDHFGC, EDHAGC, by a Plaxe DC, which paſſes 
* a two Diagonals GC DH, f tbe oppoſite Flr - 
A, — 
That i, BDHFSC=EDYAGC, | EU > 


DC is common, 'BC and DA, BG and HA, BDH and 


5 — 


RO P. 


* 
il 7 
1 . 


= " ? 


218 


| 2 1. 
Alſo E. 9. 


Caſe, 1 


© 008 Ar 


DI, HE, HL, place 


| DEMONSTRATION. 


at —_—_ 


JAADI= AEHL. 


EvcLid's ELEMRN Ts. Book XI. 


| P RO P. XXIX, and XXX. 
Solid Parallele pipedans CBADHEFG, CKIDHLMG, 


Leing conſtituted upon the ſame Baſe C DH G, and in the 


Jame Height, that is, between the [ame Parallel Planes A M, 


DG, are equal one to the other. 


If the Parallelepi > Tomy CBADHEFG, CKIDHL 
MG, have their inſiſt ng Lines CB, CK, GF, GM, DA, 


within the ſame ale Planes 
CB M G,. DAL H. 


11 ay, CSADHEFS=EKADDL DG. 


DE, DL, are . 2 
AD= =E H, 1 ID = LH. 34. 1. 


| AE=IL "as 1 


Abe. 12. 


H, ID ER =EL. 

FN 

After the ſame Manner is ABCK= arg 
DBS e HF, 518 HM. 24. 

Fabi IAH ABCK=AFGM, AK = 

DBS g HF, DKS NN HM. 

Priſm AB DIE Priſm EFGHLM. 


©, 5.87% 42% CH 4 th 
ATR: 
AD SE 


EM. 


Def. 12. 


ago —— IDCEFEHG — EFGHLM 4 IDCKFE 
Ax. 11. 


CBUDDEFG=CBIDDL®G. Q E. D. 


| . 
* 
= 


It 


— <ul 
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Caſe|: | If the Parallelepipedons CB ADHEFG, CKIDHI 
MG, have not their inſiſting Lines CB, CK, GE, G M, 
DA, DI, HE, HL, placed within the fame parallel Planes. 


. A PREPARATION. 
| Wl . i 
Hav roduced IL, FE, which being (Hyp." in the 
l, ſame Plane will meet in the Point N, 15 40 5 A, KM, 
which being (Hyp.) in the fame Plane will cut cach o- 
L ther in the Point X, and meet II., FE, (which (Hy. ) are 
\ lin the fame Plane with them) in the Points O, 5 join 
) CX, DO, HN, GP; fo will the oppoſite Quadrilateral 


| Figures PGHN, XC DO, be parallel, they being in the 

| [ſame Planes with FGHE, BCDA, which are /Def. 10. 
Parallel; alſo the oppoſite Quadrilateral Figures O D H N, 
XCGP, will be parallel, they being in the ſame Planes 
with IDHL, KCGM, which are (og: 10.) Parallel; 
moreover the Quadrilateral Figure X ON P, will be pa- 
rallel to its oppoſite Quadrilateral Figure C D H G, it be. 
ing in the ſame Plane with B AE E, which is (Def. 10.) 
parallel to CD HG, and conſequently the Solid CXO 
DHNPG, which has its oppoſite Sides parallel, will be 


(Def. 10.) a Parallelepipedon. 
Il ay, CBADYEFG=CKJDYPLMG, 
DEMONSTRATION. 


ml 
A 
M, 
FE "i nd. /*! 
1 |[CBADHEFG= CXODHNPG. Caſe r. 
Allo ebe e a Caſe 1. Q 
e. I. 2. [3 [CEBADPEFG=CKADDPLMGO, Ax. 1. QR. D. 
If 3 v Kkk2. _ COROL- 


upon equal Baſes EG, A O, and in the ſame Height H, are e- 


[RG, meet KS, in Q and L, and imagine Parallelepipe- 


] [6Q,GF- 


a. 8 


Euclip's ELEMENTS. Boox XI. 
COROLLARY, | 
Triangular Priſms, which (28.) are half Parallelepipe- 
dons, being conſtituted on the fame Baſe, and in the fame 
Height are (Ax. 8.) equal. . 


n the fame alfo in Polpödal Prifne, becuſe they ma 
be reduced into Triangular 3 * 


| PROP. XXXL 
Solid Parallelepipedons E G H, 4 0 H, being conſlituted 


qual one to the other. 


If che Parallelepipedons E GH, AOH, have the Sides 
perpendicular to der Baſes 2 


"PREPARATION. 

To the Side E G produced, apply = Parallelogram G K, 
equal and ſimilar to the Parallelogram A O, and having com- 
pleated the Parallelogram G P, let the Right lines P M, 


dons whoſe Sides are Berpendicular to their Baſes, and 
whole common Heighe is , to be conſtituted on GK, 


FBYFP Y 


| 


— 4 


s 
T 


I 
2 
3 
4 
6 
7 
Alſof 8 
9 
10 
11 
12 
13 
4 


4 


6. 


EGH:S H:: 
AO—EG. 
EGH:GPH: 
GK A0. 

EGH: GE B2; 


GQ 
sg. FR 
GAH: E PH: 


Book XL Eocrip's ETLEMERNL 
7 DEMONSTRATION: 


E GSP. 27. 


240:GP, 4. 


K:GP. Sub. 


60 Ges. * 333 


GOP i 
EGH: 8 GPH. 11. „ 


E GHR G 


. Caſe 1. 29 and 30. To 


AOH= 


e105. A+ NE D. 


If the Parallel nos BON, AO! v9 not the 
Sites f epipedons „ ke 


PREPARATION. 


equal Baſes EG, A-O;-and in» the ame H 
4 G5, AO C whoſe! Sides 


Ax. 1. 
and "ſimilar" to G K. Conft. 


Def. Def. 12. 


F# - 


* ww „„ "IE 


( 


Evgin's ELzMentsY Bor XI, 
| "DEMONSTRATION. 


UL. 4 
5% 


EGB 210 8 
EGB AOC. Goff + 3 4 
EGH = AOC. Ros 
[AOH = AOC. Cf, n 4 0 

E 888 . W ae, 


1 

| 

* 3. 
87 od : 


a ONO LAX 1. 


1 Ni Priſms, which (28) are half IE I 
dons being conſtituted on equal Baſes, _ in 242 


Ax. 8. 
mg ow T dagen Pi "Prins, ** they 


is the ſame alſo in 

may be reduced into T 

HIS 1 p NG P. "XXX uy . 
f 3 of the ene , ore one to the 
5 4 their Baſes. W 


* PREPARATION. 


Let their Baſes be A and BC, and their common H Height 
H ; © may the Parallelepipedons be expreſſed by A H and 
B GH. Upon CO make ( (44+ 1.) the Parallelogram OF 
| equal to the' Pa 11 having the e OCE e- 

| [qual to the given Angle G. vu DS 9228. 
| aralle ns OBI, BCH, to be placed, of the 
| ; Height H; fo will they be Parts * e one 1 
pedon B EH. 


| i 
; 


5 
1 


1 i 1 5 Dor 


4 


27 


2 


the 


zine 
1Me 
1 


8 . 
8 


And lz 
e. 2.3 


Book XI. 


[OE S A. Conf. 


[of the Firſt, to the Cube OP 
That i A: a:: 4 . 


EvcLiD's ELEMENTS, 


1 ay, Ah: chi: c. 
DEMONSTRATION. 
of: BCH::OE: BC. 23. | 
OEH:BCH::A:RC. $a. 


OEH=—AH. 31. 3 
A dc. Sub. Q E. D. 


COROLLARY. 
Triangular Priſms, which (28. are half Paralelepi Þ 
of che be Heh, DIES e 

18 — — 0 
_— be reduced into | Trnnglar Pits they 


LEMMA 1. 


2 A, AR ARR, ARRR, be con. 

, that is, if A: AR::AR: AR>: : AR>: 

the Fi rſt is to the Fourth, ſo is the Cube 
Second. - 


9 8 


deere 


A: AR: : ARR: ARRR. Def. 2. 35. 
1 7 7 
Len. 2. 5. G R D. 


OTOL . 
L II: 


EveLid's ELEMENTS Book XI. 


LEMMA I. 


If four Quantities A, AR, ARR, ARRR, or AR, A, 


B either continued diſcontinaes, be proportion, the: 
| => ds alſo Proportional. 4 a! 


. 2K: 4K. . and & N.: 47:: . 


DEMONSTRATION. 
A:AR::ARR: ARRR. and AR: A:: BR: B. Def. 2. 5 
MEER ISR and A Rix Bi = Az x B3 N. 

WA R:: WR: A UB, and AW: W:: DB R: N. 
IL. 5. Q. E. D. 
8 SCHOLIUM 


Becauſe (om 2. 5) A*: A* R:: A Rf: A Re and A» 


tinued or diſcontinued, be PI their _ \are 
alſo proportional. 


[ 
N 


ON un 


[by 


Similar: Solid. Par 


Tx Ratid, or as 


the Cubes, of their  Homologous Sides 
A, EF. LE 


PREPARATION. 


The Parallel ons 4 —— Hyp.) ſimilar, all 
Planes "wil (ef 24.) ry — N. —— 
Def. 1. 6.) EA: EF . fl . EI: ad: EC 
Allo the A Angles of their; Planes will (De 1. 65 be equal 


> 


t therefore the Parallelepipedons E B, E N, be ſo placed, 
the equal Angles * FEI, as alſo the equal An- 


gles 


11 55 


th. 1 "IR 


R': A*:: N R: B-; therefore if four Quantities, either con- 


allelepipedonc: BB; EN, are in the Tri- 


Boox XI. Evuctip's Erxmenrs 225 


les GEH, IEC, may be vertically Oppoſite in the ſame 
|Planes; ſo (Scho. 15. 1.) will FEA, IE H, GEC, be 
ight Lines. Imagine upon the Planes EO, E D, So- 


[lids EL, EK, fo placed, as that the Solids E B, EL, may 


— oo ab wn 


M4 ml, 4 hy my — — 
CONS Or ao wu8e 


= 
\S 


1 BA:EF::E'B; EL. Lem 2. 


make one Parallelepipedon AL; the Solids EL, E K, a- 
nother Parallelepipedon IL; and the Solids EK, EN, a 


1 fay, a: ef: e: eg. 
DEMONSTRATION. 


EA:EF::EP:EO. 1. 6. 
EB:EL::EP:BEO. 25. 
BA:EF::BB:EL. 11.5, 
E A: EFE:: RH: E I. Def. 1. 6. 
EB: AL:: AH: AI. 11. 3. 
EO: E D:: EH: EI. 1. 6. 
EB: EL: : EO: K D. 11. 5. 
EL: EK:: EO: RD. 25. 
EB: EL::EL: EK. 11. 53. 
EH: E I:: ER: EQ 1. 6. 
EL: ER: : ER: EQ 25. 
EH: EI: : EL: ER. 11. 5. | 
E H: BI:: EG: EC. Def. 1.6. 

AL: BR:: 6:10 11. . 

EQ: EX:: EG: EC. 2. 6. 

EL: E K:: EQ: EX. 11. 5. 

EK: EN:: EQ: EX. 25. 

EL: EK:: EK: EN. 11. 5. 

EB: EL: : EL: E K:: EK: EN. 11.5. 
EB: EN:: EB: EL. Lem. 1. * 


EA: e f:: es:. 11. 5 Q E. 91. 


A % 


M m m COROL- 


Caſe. 
| 


— ſcbey . be reduced into Triangular P 


. 
4 n 


j*. a3 the Cubes, 


EvucLid's ELZMENX TS. Book XI. 


COROLLARIES. 


Becauſe in continual Proportionals, as dhe Firſt is to 
the Fourth, ſo (Lem. 1.) is the Cube of the Firſt to the 
Cube of the Second; therefore if four Lines be contin- 
ually Proportional, as the Firft is to the Fourth, fo is 
2 Parallelepipedon deſcrib'd on the Firſt, to a Similar 
Paralelepipedon deſcrib'd on the Second, 


Similar — lar Priſms, which (28.) are the Halves 


of Similar Pa = y_—_ are in _ — 2 Ratio, 
omologous | 


Tis the ſame alſo in Similar Polygonal Pri _ becauſe 


PROP. XXXIV. 


| Equal Parolelepipedans AB, CD, bove their Baſes aud 


Altitudes-reciprocal, ſo that AE:CF::CH:AG 4d 
thoſe Parallelepipedens AB, CD, which * #heir Baſes 
and Altitudes reciprocal, are equal. | 


Suppoſe AB CO. 


If the Parallelepipedons A B, CD, have their 8 Sides per- 
peadicular to their Baſcs, and their Altitudes n 


Legal | 


| | PREPARATION. 
CH being (Hp) = AG, and AB =CD, the Ratio 


lof CH to A is the. ſame with that of AB. to CD, 
| 


and _ fy rden AG:: AB: CD. 


I fay, 


= ow 7 WW 


w* Ow 
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> 
. 4 1 


2 
O ow Ken 


_ 


. 
— 2 29 


I fay, AE: cf.: CH: 26. th 


AE:CF: AB: * * 3 ; care 
45 CB. y. 2 "BY wy 787 
AE: CE:: CD: CK Sub. 7 1 
CM: CL:: CD: CK. 25. | 
AE:CF::CM:CL 11.54 * * 11 55 
CH: GI: : CM: CL. 1. 6. A - 108 
AE: CF: CE: CT IIs 5. | | : 
CI= AG. Conf. | 


[AE:CF:;;CDP;AG, Fab. QE. D. 


I ſay, AE: H:: CH: AS. 
DEMONSTRATION. 
AG=CH. Hy az 
b. 32. | * g 


AE: CF:: AB: | 
CH: AG: : A B: CD. Def. 2. 5 


If the Parallele bee AB, cD, — their Sides per- 


— - %- * 1 


1 


From the Greater C take 61 = AG; and rough 
draw the Plane IK || C Cx | ; ns 


4 


DEMONSTRATION 


M m m2 © 


Eycuid's ELxMENTSs Poox XI. 


53 
Caſe If the equal Parallel er have i bl $ides per- 
9— 3 5 — — r . their Baſes and Altitudes will 
I | The reciprocal. "Rs | 
8 128 DEMONSTRATION. a 
ders bern“ hue their Sides F 
. | dee to * ſes, N Dong be thy 3 
N Wh =o nn rn 
PET 3 ſo (29 and 30) _ + 308 hr $n/ 1p ay 1 Since there- 
of "of | | fore the Parallelep have their 188 7 
3 | 8 
land Altitudes 8 — wg = 
| bans cer their = ag 
| | reciprocal. pot my 
| Pee pet AE: CF: cu. 4e : 


. \ 


ad p < 
F * 
75 
| * % 
4.4 * = Ae % ˙ by vr 
\ 
0 „ 


* — — * „ "I = . y E As 1 
? —_ ——__ 
» Ly o — 
2 TS , bd , |; 
2 , 1 6 FK. oe =; 1 ; i 
" * = * 2 ö . A 
a * I 0 ? "4 N & 
. * —m1—— - — ro ddtag. i @ Þ ; 3 1 1 * C * 
8 a CY ? * 9 * " . A — % 1 v3 N 
1 5 1 1 
L Wt . i ; T1 4 
4 » 


Book XI, Evciin's ELRMRENTS. 


Met DEMONST RATION. 
i [AGS CH. Hy. 

e. 1.2 [AE: CE: : AB: CD. 32. 

Alſo] 3 [A E: CH:: CH: AG. Hp. 
Le. 2. 3. [AB: CB: CH: 46. 11. 5. 

e. 4. [AB: CH:: CD: AG. 16. 5. 
ve. . J. %% [AB:AG::CD:AG. Sub. 
* AB=CD. 9.5. Q E. b. 


Caſe | 1 If the Parallelepipedons AB, CD, have their Sides 
11 perpendicular to their Baſes, and their Altitudes C H, 


N. G, unequal. 
Þ PREPARATION. 


From the greater C H, take CL IA 6. and through - 
I, draw the Plane IK|| CE.. 


5 1 {I ay, AB=CD. 
DEMONSTRATION. 


t [AE:CF: CH: AG. the. 
2 [CIS AG. Cost. 

3 [AE:CF::CH:CI. Sub. 
10ſt ck AB: CL. 32. 
ene A B. CK mrs. 
5 [CH: CI: : CM: CL. I. 6. 
7 
8 
9 

5 


AB: CER:: CM. CI. Tie 3. 
CD: CK:: CM: CL. 32. 
AB:; CK:: C D: CX. 12. 5. 
o[AB=CD, 5. 5. Q. E. D. 


l N-o n Is! 


—__ RR. 22 
- —— — — Inn ont nn  ——_ -- 


230 
Caſe 


Evciip's ELEMENTS. Book XI. 


If the Parallelepipedons have not their Sides perpendi- 
cular to their Baſes, and have their Baſes afid Altitudes 
reciprocal, they will be equal. | . 


DEMONSTRATION. 


Imagine Parallelepipedons, which have their Sides perpen- 
dicular to their Baſes, to be placed on the Baſes of the Paral. 
lelepipedons, which have not their Sides perpendicular to their 
Baſes, of the ſame Altitude with them; ſo (29 and 30.) will 
they be equal to them. Since therefore the Parallelepipedons, 
which have their Sides perpendicular to their Baſes, are (Caſe 


|r and 2.) equal, the Parallelepipedons which have not their 


Sides perpendicular to their Baſes, but which are their 
Equals, will be alſo equal. Q. E. D. 


COROLLARY. 
© Equal Triangular Priſms, which (28.) are half Parallele. 


pipedons, have their Baſes and Altitudes reciprocal. And 
thoſe Triangular Priſms, which have their Baſes and Al- 


titudes reciprocal, are equal. 


' "Tis the ſame alſo in Polygonal Priſms, becauſe they 
may be reduced into Triangular Priſms. 


© The 35th Propoſition is needleſs. 
| PROP. XXXVI. 
If three Right-lines AB, AC, AD, be continually pro- 


portional, that is, if AB: AC:: AC: A D, the Parallelepi- 
pedow A E, made of theſe three Lines, is equal to a Pa- 


| rallelepipedon F H, which is Equiangular, and has all its 


Sides equal to the middle Line. 


PRE- 


| 


1 


® EF . . 
cow Own þÞ ww Rh - 
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PREPARATION 


"Proj is Points c, L, aw ths Lines CM, LN, per- 
pendicular to the Planes of the Baſes; fo (the Solid An- 


gles A, E, being fu ſo chat if they could pe- 
netrate, neither wou — other, as allo the Lines 


AC, FL) will the Heights CM, LN, be equal. 
[ fay, AE=fD, 
DEMONSTRATION 


LBAD=/KFI, AB: AC:: AC: AD. 2 
EKS AC = FEI. Fp. 

a AB: FK: FI: AD. Sub. 
BD=—KL ; 

BD:KI: "AE: FL 32. 

BD:AE::KI:FH. 16. f. 

B D: AE:: BD: F H. Sub. 


AE—FD.' 9. 5. Q. E. D. 


Nnn 2 | PROP. 


235 


A * 


0 
A+ B::C:D, the Similar Parallelepipedons deſcyibed 
{lege x are ren We E. 2 be proporti- 


2 
$ IF 


LE * N 
A: \ 5 f 


Evert E LEMENTS. 


4 .P ROF. XXXVII 
* Ke B, C, D, te pr 


Book XI. 


| 


oportional, Phat is, if 
on 


thoſe Lines are tonal. And if the Similar Par 


"Suppoſe: A e b. . | 


DEMONSTRATION. 


{ £ 
| | 


Al: BI: f CN: 2 py _ 


8. AB:BB. 53 | 
ö Jas » - 
Cr: D:: CG: DH. 77 AGA 
AE: BF: CG: DV. 1.2035 IIA 


| Suppoſe SSC: 


L fag, A: B:: C:. 
| DEMONSTRATION: þ 


AE: BE:: A“: Bi. 
AE: BP: CG: DPH. 
A: BA:: CG: DH. 
. Di:: CG: DH. 33. 
+ +34 348» HET OM 
2: B:: C: D. Q. E. D. 


3. 


Hp. 


11. 3. 


— 


1 — — 


Evcli's ELRAMR NT. 


PROP. XXXYVIIL. 


if # Plane ED, be perpenicaler to Plane 4 C. and 
oa Th LIT 1 'B, * ove 
ED, to the other Plaue that 
lr BF, will Jal be? 
N 


PREPARATIO 
AC, ler Gill (12. 23 FG B. and join EG, © (Bo 
3) will EFG, EGF, be Right-angles, 
[1 6, EF will fall on AD. 


DEMONSTRATION. 


If EF ſhould fall without A D. 

E FG, E GF, two L of a A, would be = Ce 
Two of a & are 12 CL. in. 1. 

[EF will not fall without AD. 


I omit the 39th Propoſition becauſe of 1 great Conſe- 
REEL. O O O PROP, 


— 


© CON OA meh aw rp», 


—_ 


land Mult- 


Evuciid's ELEMENTsSG. Boox XI. 


OE PROP. XL. 


4 Priſm ABC DBF, whoſe Baſe is 4 Parallelogram 
AF, double, the Triangular Baſe G Hk, of another Priſm 
GHKLMN, of the Jame Alia, is equal to that other 


Triage Prifm: 


pal PREPARATION. 
"Compleat the Parallelepidons ED, H N: 


@ ay, AC DEH = GBI. 


| "Tat | 
DEF=GYRLMWN. Ax. 8. * D. 


SCHOLIUM. 


From the preceding Demonſtrations, the Solidities, or 
Solid Contents of Parallelepipedons, as alſo of Trian ular, 
Priſms, are learnt ; viz. by multiplying 
their Baſes- into their Altitudes. 

As if the Altitude CD, of 


a * ed Parallelepipe 
don AC, be 3 Inches, 
Length BD 5,and — 


AB 4; then (Lem. 1. 1.) is 
1 ABxBD— F 
X 5 = 20 Inches, 


hich deus aal tphyed by its 


I. 


182 


BoOK 


27 


XI. FEvciids ELEMENTS. 


N 


| be a 
* 


233 
Altitude CD, or 3 Inches, will produce 60 Cubick Inches, 
for the Solidity of the Right. angled Parallelepipedon A C. 


For as a Rectangle, ſo alſo. is 2 Right-Parallelepipedon 
AC, produced of the Baſe A D, drawn into the Altitude 
CD. Therefore every Parallelepipedon is produced of the 
Baſe drawn —_ the Ries ſince (31.) every Parallele- 
pipedon is to a Right-angled one, conſtituted upon 
the ſame Baſe, and in che ſame Altitude, h 


Moreover, ſince the whole Parallelepipedon is produced 
of the Altitude drawn into the Baje, the thereof 
(that is, (28.) a Triangular Priſm) ſhall be produced of 
the Altitude drawn into half the Baſe. 1 


'Tis the ſame alto in Mult-angular Priſms, becauſe they. 


may be _reduced into Triangular *Priſms. 


De End of the Eleventh Book... 


Is 108 TN 4 


„ 
EUCLID% ELEMENTS 


ae after 2 New, , Plain, and Eaſie 


Vertex 


M E T "oy D. 
, / enn f 1 i 3 
— 5 OK XL i 
DEFINITIONS. 
5 F any ABC be concei d to move from 


or Top of a Solid A (determin'd 
by two Planes A ab, A ac, — together in 
| the common Line A 0 8 che Motion al- 
N witfe parallel to its fel ſo As extream 
Angular r Pont A, ſhall > id remain in EE 

the Line A «, but WII es LR Bhs 
ſhall all alveg we n the Triangular 
Planes A a, As, will dt 
fall wholly within the Void Angle, by 
e said angie Je Tigue called 3 By: 
the An a Py: 
ramid, hol Bat will be the Trian- 
its Vertex A, and it 


a 


— abc, and 


ö 


| Parts a c d, continually inereaſing from ee eme A, 2 
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will alſo deſeribe without it, another Quadrangular Pyra- 
mid , whoſe common Vertex will be the 3 A, but the 
Baſe the Quadrangle Cb. 1. 

The firſt Pyramid it WII deſcribe Within Triangu lar 


ending in the Triangle a bc, hut the 
latter © Pyramid will be deſcribed by tlie 5.8 


mid, as alſo the 


nit? {gular Ones beCB ; [ef FER, 92 FAA 5 
e — Wadrah 7 
. Altitucdes, ** 


in in tho Ri 


| — are accommodated to the Pla 


| i anſwer one th 
therefore all their Syms on both Sides will be equal, andcon- 


remaining Parts, or Trapezia* def, 

— y\ decreaſi downwards from 

ABC a'at' ending mv * 2 

t-Line bo; ſo that in the 7 

the ſaick Priangle with its Al. 

Ferber the Fri angular 
'd of choſe ,] Ü Pyr. nw | 


PE While, 


Priſm, / / 750 


mid ya ſil 1120 0 1 us 210 l a 


COROLLARY. 
Of what Sort ſoever the ad hg Triangles A BC, DEF, 


are, ſo they are ver the Solid A gles are, 
comprehended Under ki. Plans a b, —. and Dd „Bal ſo 


les A and D, and ſuch that the Deſer! 
riangles ABCDEF, canceiv'd | 11 : 
mov'd within the ane a £q1 qe] Ip ter- 11 
val of Motion froch tlie Line A C to ac 
and from D Þ to d. may beat (or wholly! 8 
receiv'd within them in the faime-Mom 
of Time; becauſe the increaſing tent * 
lar Planes à c d, in cch Triangular-Pyta. 
Trapezia def, 
ular Pyramid, mutt” neceſſarily be nceiv'd 
e other, both in Number and nitude, 


DS. 


in each Quadra 


ſequently there will be defcribed the e ar r | 
abc 4. def P, withit theSolid Angles N 12 "80g 1 PR 


| 7 may be reſolved into Trian- 


+ [2% 7 Di 


PF [at Triangular and Quadran- 
_ [ular Prana. 1 Fg 


. Von Pyramids ABCDEE, 


a | . * 9469 
1 S — FI x : 
Focus Emmer. Book XIL 


4] COROLLARY II. | 
Theretore all Pyramids. of equi Baſes and Aldtude, 


FFT the other. 


This (Cor. 1.) is evident 


* is alſo as compin of Po- 
GHIKLM, becauſe they 


1 "COROLLARY 1. 


1 the Triar Prin A BCDEF, the Quadran 
Pyramid B C is preciſely Double 'of the other Trian- 


A; and the Tri lar Priſm ABCDEF, 
{5 ts Tenge Feral 4 


to b 
A, is = DEFA, and 
n 3CDEF, is =3DE 

CO- 
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IR 


COROLLARY. IV. 


Priſm is Treble of the Pyramid, that has the 
Log + Baſe — Height with it; or every Pyramid is the 
| . Part of the Fim, that has the ſame Baſe and Height 
| wi it. 


For reſolve the Polygonal Priſm azza 
into Triangular Priſms BCD HKI, BD 

AFKH, AD EGFH; and the Pyramid 
ABCDE G, into Triangular Pyramids 
BCDG, BDAG, ADEG; ſo (Cor. z.) 
will BCD HKI be = 3B CDG, BD 
AFKH = 3BDAG, and ADEGFH 
= 3A DEG, that is, all the Parts of the 
Priſm will be Treble t to all the Parts of the 
Pyramid, and conſequently the whole Priſm 
ABCDEGEFKTIH, is Treble a Yew 
PRO ABCDEG 


—— 


1 


2] If a Circle A, be conceiv'd to move downwards, along 
| a Right-line C D, with a Mo- | 
tion always parallel to it ſelf, 
by this its Motidn-it will gene- 
rate a Solid CDEF, ca * 
Cylinder, which, if che get 
| [line CD be perpendicul 

* called a Ri Cylinder. if 

| oblique, an Jnclined-Cylin- 
der. 


| 


4 „%% | LLL 


1 nee 


—_— _ — —U— ̃ ́——̃— _ 
= — — 


Euctip's EuzxmenTs. Boor XII. 
COROLLARY Ed. 
From this Geneſis of Cylinders it is evident, that their 
| [Solid Contents may be found, by multiplying their Baſes 
into their perpendicular Altitudes; becauſe they muſt neceſ- 
| [fatily be conceiv'd to conſiſt of as many Elements, or Cir- 
cles, parallel and equal to the Deſcribing Planes, or Baſes 4, 
as there are Points, or equal Parts, indefinitely many and ſmall, 
in their perpendicular Altitudes AB, CG. 


$5: ;. COROLLARY. IL 


. The Solidities therefore, both of Right and Inclined Cy. 
I. ]linders, being found. by multiplying their Baſes A, into 
SI 


SG” 


- 


- |] their perpendicular Attitudes A B, CG; if their Baſes A, 
| fand Alitudes A B, CG, be equal, thcir Solid Contents, 
I for the Cylinders themſelves, will be alſo equal. 


| Hence alſo it is evident, that Cylinders 
IAB, AC, which are conſtituted upon the 
..- , |. fame Baſe A, and in the fame Altitude & B, 

' 258 Prhar is, within the fame Parallels A D, BC, HV 
: 7 . are equal. 4 | 

< 


. The Ares of Cylinders, are thoſe 
I 3|Rightlines A B, AC, which join the Cen- Md. 
ters of their Baſes. Jing rn if 


4. Ka Triangle AB C, be conceiv'd to revolve about the 
immoveable Side A B, till the | 

| |Revalution: be intire, that is, till 
I ]- ,|the Side BC, arrive at the Place 
 —1- | where it began; by this its Moti- 

I jen it will deſeribe a Solid Ac | 
. 0 E, called a Cone, which, if ge- 
I Inserate by the Motion of a Right- 

I fangled Triangle, is called a Bight» « 
1 Cone, if by that of an Oblique 
W fſangled Triangle, an Jnclined- 

190403 J Cone. a 


* . 


A XI. 


| 5 


this its Motion, it ir il =D - - f=_ 


* 


cles ABD, FGl, are one to a. 
fſeber, a5 the Squares deſcribed of | 
„ ſtbe r 4 tbe Cinciet A 

LEM... 0 
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| Aris of a Cone. is that Right line AB, which 
ere Lt ad Gen BE i ha | Bale. 


Right-Cylinders and Cones, are Stmilar, when their 
Axes are proportional to the Diameters of er Baſes ; 
but Inclined Cylinders and, Cones. are not Similar, un- 
lefs they have a third Condition, viz. that their | Axes be 
alia equally inchned to he Planes of. their Baſes. 


12 . 


If a Semicircle 4 — be conceiv'd, ro move round the 
immoveable Diameter: A C, till its | 
Circumference A B hg, come to the 


11 


Solid ABCD, . Sphere.” - 


The Axis of a Sphere." „ _— - 4 
that immoveable Line 4 © 7 158 „„ .. 
which the Semicircle is turned. 74 Drakes 


The Center of a Sphere, is hat Point from which 
all rr 1 8 to- the Sat tes hich 
> i gh ag $1 


12488 L } 4b + * 
is any Rig line * 


che Ptanieter of a Spyere, is 


ſoever, which paſſes A. its Center, and is jounded on 


each Side by its Surface. 


Ene tte. 1 


Similar Polygonal Fi Cures AB 
CDE, FGHIR dba in Cir- 2 


Ned „ N 


ad gd 


27 


o 
"os 


13 


1 


Evcuup'Ss EAxMEN TB. 


2 GPM l 
GEM. 
[AB:FG:: EN Sha, 3. 


A Bg: 
a F 


| Having 
| — * 
Iches, bee 8, whereof A B is one ; thro? 
ſthe Radius, draw a 


Lo Ok XII. 


ne 
Ds ke, Bt, PE Ml . 


ce te etna 


e 


MG, Z ABL en LBAL= 


Gg:: ALg:Þ Mg: 3 11. 
4 4845 FHIE 20. 6. 


AS CDE:FGHAK, 11. 5.Q.E.D. 
na + +  £ >= WT I08 
The Peripheries of ; of Girckes 250 ia Proportion one to ano- 


AB g: 


ther, as their Radius's. 


"PREPARATION. 

(by Radius's drawn from the Centers) divided 
of a C into any Number of val Ar- 
oint in 


o? any 


Concentric or Parallel Circle: 3 ſo (Cor. 


3. 33. 


* 
* 


= | 
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3. 33. 6) will its Periphery be alſo divided into B equal 


Arches, by thoſe Radius's, ons of which will be a b. More- 
over the Periphery of one Circle will be 8 ab, that 1 


the other 8 A B, and (LC / oe Rage © (C1 (29. 1 
1 and L b 4 

be Equiangular. e 5. bl 
I ſay, r: NR:: p: . 
DEMONSTRATION. 


ca: CA:: a b: AB. Scha 3. 4. 6. 
a te 28 a b: 3 


2b: N. QED: 
COROLLARY. 


Hence, if the Radius, ar Semidiameter of one * be 
called that of another Y, their Peripheries 2 8 il 


X, 
the ſame Proportion to one another, as X A ts 


LEMMA H. 


6 |} The Sum of a Series of Quantities, proceeding from o 
(incluſive) in an Arithmetical Pragrefſibn.” or whoſe common 
Difference is equal to the leaſt Ooty ; 45 „ A, 2 A, 

3 A, 4A, 5 A, Ic. is Subduple of the. Froduct of the 


1 | [lat or a Term, and Number of Terms. 


P R E- 


2 


* 
F * | 
% - 
- 
. 


1 


1 


5 


Evcyid's ELRMEN Ts. Boox XII, 
"PREPARATION. 
Let the Sum of the Series be called 8, the laſt or greateſt 


[Term G, and the Number of Terms N. 
[1 fy, @ = © 


2 


DEMONSTRATION. 


COROLLARTES. 


Hence, if a Circle be conceiv'd to conſiſt of as many 
Concentric Peripheries, as there are Points, or equal Parts 
indefinitely many and ſmall in the 
Radius ; theſe E as well as 
their Radius's, will (Lem. 1.) pro- 
ceed from the Center, or o, in an 
Arithmetical Progreſſion; and there- 
fore their Sum, that is, the whole 
Circle, is equal to half the greateſt 
(or extream Circumference) drawn 
into the Number of Terms, that is, 
the Radius. 


2 


. 


e'. 


| 
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Wherefore if the Lee or Semidiameter of any Circle, 
be called X, that of another Y, their Peripheries or Circum- 
terences will (Cor. Lem. 1.) be to one another, 3 as RZ to 


YZ, and their Al 2's BEBE to T YZY.. 
P ROP. II. 


| Circles are to one another as the _—_—_ En their Dia- 
meters. | 


PREPARATION. 


Suppoſe the Radius, or Semidiameter of one cin = = 


X, that of another = I; ſo will their Diameters be 2 X 
and 2 Y, and the Squares 'of their Diameters 4 K X and 
4YY; alſo the Area of one will (Cor. 2. Lem. 2) be 
XZ X, chat of the other IZ V. | 


I ſay, 4XF: 4YP: :+ ZE: YZ, 


DEMONSTRATION ** 


4XKNEYLY =4Y Yx2 KR ZK 
4 EE: 42 P.: KF: DYED. Lem.,2. g. Q. E. D 
NNW id eon vl 
The third and fourth Propoſtion are needleſs: becauſe they 
L fifth and ſixth, that T ſhall demon- 
ftrate dels more — by 


1 
ne =_ Tf 


CIR ans PRO 


is 1 25 : JB: CD, , „D 


 Evorip's ELA 


| |, Triangdlar Eyawide AB, GN, of the 
1445 bo r lde 


PREPARATION. || 


Boox XII. 


xe Zeige, an 


z Ereft \ upon the Baſes A, C, of the Triangular mids 


AB, C D, Triangular Prifivs of the fame Hit with 
— 8 + Def. 1. . 

Priſms , be; am „ BN 
ſelves, as 3AB to 3 CD. 8 SE I 


4 l 1 fay, a: AR: 
| [PEMONSTRATLON.” 


ao & 8 E 
1A: C:: :3AB: : 3 CD. Cor. 32. 8 


Alio z [AB: CD:: 34 B: 3CD. Lem. 


3 5. 


PROP, VL . 
e Sort: of ramidi, of the 
8 2 eee 188 
N A "PREPARATION | 
be ABX, O FCZ, and let; their Ba- 
1 — — » be reſolved into th 12 | F 
| O, and the pyramids themſelyes into te ag Py 5 - 
44 mids AX, BY SZ FZ OZ -. 
He AB: Of C::ABX;OFC2, 


DE- 


— — — — —— — 


o 


* 


 Boox XII. _ Evciin's Euxmants. 


BIz>>>>> a> 


1 | 
5 DEMONSTRATION. 


MSN sm Wo 


4x: X:07: :A:0; BY: 07" B: 
AX +BX: OZ: A +8B: O 24. 


Ax4ÞBx: A+B: 0 2:0 
16. 5. 

AB X: 4B: :OZ o. 
in B XF Z :B: 


n inne 
EA ABK RZ = 44. 8 F. 8 
AX BX! AA＋B::-F Z: F. 1100 . 44 % 


1 F Z: F. 
: F 5 
X +BX:CZ A+B:C.., 24 5. 
1 ＋2 . A 2 1 82 C. 27% 
X: 27 ans Ku 
8X 8518 . FZ: F:. C Z C. 1 J. 
BX: AB:: OZ ＋ FEZ A＋ CZ:. OEC. 12. 5. 
B: O.. F＋ C. KBX:0 Zz + * Z. Cor, 
1 
B: OFC: : AB: OF CZ. QED. 


COROLLARIES. 


Hence, All Sorts of Pyramids, of equal Paſs and Al- 
titudes, are equal. 


Becauſe (Cor. 4- Def. 1.) every Priſm is Treble of the 
Pyramid, that has the ſame Baſe > and Height with it ; there- 

fore all Sorts of Prilms of the ſeme'Hei Ut, Na Ie the fame Lk 
Proportion, 2 Baſes. g = 


Edi ATA AI 4 . 


Qqq 2? | PROP. 


Eurim ENT. Box XII. 
bbs TAAT Rog. 2; | | 


very Priſm is Treble of the Pyramid, that has the ſame 


Bale with it; or 1 Pyramid is the third 
227 7 of the "Pom that har the ſame _ and Height 
„ AOA 1 
[ | (Thi 51 Demonſtrated Cor. 4 Def I, 
| 1. E MMA III. 

Similar Polyg, Pyramids ABC! "OB RR, nity be 


reſol 1 t ua of top 72 
OK, BR, and EK, CR. and f K. 


PREPARATION 
Dive, MD; Kb Z v, IV... | 


. SE, and OÞ, vn ad en c u and 4 


DEMONSTRATION, 


wh 1, (Ty 2 
- * 


amid. AR or 


22 . 3% 1 N 
» ZPK, are Similar, Def. 1 12. Tt. 


6. 3. 
e. 2.4. 


; . 5. 


1 „. 6. 
f Again 
„. 8. 

5e. 9. 

e. . 8.10. 


* 11. 
„. 12. 


|S 


„e. 15. 
de. „ 
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MD: MR:: ZV: Z 


MI: MR:: ZP: ZK Def. 1.6. | 

MD:MI::ZV: K here _ 
22. 5. 

MR: M D:: ZK: ZV. Ro 

After the ſame manner, MD: RD:: ZV; KV. 

MR:MD::ZK:ZV; MD: TI :ZV:KV. 


MR: R:: ZK: KV. 22. 


MD: MR:: ZV: ZK; MD: RD: 2; BY; MR: 
A MRD. =  Equiangula 

A. are i 1 6. 

AMR D, 7ZKV, are e Bqu Scho. 1. 4. 6. 

AR, OK, are Similar. Def. 12. 11. 

After the ſame manner, A. X RD, SKY, are Similar. 
BR and EK, CR and FK, are Similar, Def. 12. 11. 
AR and OK, BR and EB, CR and FB, are Si- 
milar. Q E. D. 


PROP. VIII. 


Similar Pyramids are in the Triplicate Ratio, C as the 
Cubes of their Homologous Sides. 


If the Pyramids ABCD, EFGH, be Triangular, 


250 


2 „ 


| 


Evcurys  EiremenTts, Book XII. 


PREPARATION, 


Upon the Similar Baſes A BC, E FG; of the Similar 
Triangular Pyramids AB CD, EFG H, ' whoſe Homolo- 
| gous Sides are AB, E E, erect Similar Priſins of the 
ſame Heights with them; ſo (7.) will thoſe Priſms be a- 


| mong theimſelves, as 3 ABCD to 3EF GH. 


: 


[1 ay, AB: E'f::ABCD; EF GY. | 


DEMONSTRATION. 


a 
N 


. 


"I 
4 


— 
- 


B 


> = 
EE 


A'B:B'F::3ABCD:3EFGH.: Cor. 2. 33. 11. 
ABCD:EFGH::3ABCD:;3EFGH. ks 
A. B: E:: ASC :e f GD. 1. 5. Q. E. D. 
If the Pyramids A B CR, OE K, be Polygonal. 
PREPARATION. 


Reſolve (Lem. 1.) the Similar Polygonal Pyramids AR CR, 
OE F K, whoſe Homologous Sides are IM, P Z, into Similar 
Thpoguer Pyramids A R and O K, BR and EK, CR and 
F ” FP | 


[ fay, 'M:PZ;;ABCK:OEFK | 


D E- 


2.1 


* 6. 1. 
Alſo 

e. 2. 3. 
Again 
. 
6 2. 6. 
Alſo 

. 7. 8. 
Allo 

ve. 10. 4.9. 
% S, I 1. 
. 


r 


| [deſcribed on the Firſt, to a Similar Pyramid deſcri 


Evciid's ELEMENTS. 
DEMONSTRATION. 


IM:PZ::MX:7Z5S. Def. 1. 6. 

ILM: FZ :: MX: 258. Lem. 2. 11. 

B R: K K:: MX: Z'S, Caſe 1. 
re 

XQ: ST:: MX: 28. Def. 1. 6. 

sr: :: 2 Lew 3. it. 

PM: FZ:: ;., 11. 5. 

CR: K:: XQ: 8 T. Caſe 1. 

ILM: PZ :: CR: F K. 11. 5. 

I'M: PZ. :: AR: O K. Caſe 1. 

I'M: P'Zz :: AR: OK: : BR: E R:: CR: FK. 11 5. 
LM: P Z:: ARA＋-BR TCR: OK TEK FK. 13. 5. 
JM: Z:: ABC n: OëeE B. Q E. D. 


COROLLARIES. 


Becauſe in continual Proportionals, as the Firſt is to the 
Fourth, 10 (Lem. 1. 11.) is the Cube of the Firſt, to the 
Cube of the Second; therefore if four Lines be continually 
Proportional, as the Firit is to the Fourth, ſo is a 1 


the Second. 


Rrr2 The 


d on 


=- 
— 
r A ̃ ] mn ————— — T—— ay 
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The Homologous Sides IM, PZ, of Similar Pyramids 
Bek, On SP bring therefore given; if IM, E. & 


H, be continual 
R:OEPFK; 


Becauſe (J.) every Priſm is Treble of the Pyramid, that 
has the * pale and Height with it; therefore Similar 
licate, Ratio, or as the Cubes of 


Proportionals, it will be IM:H:: ABC 


Priſms are in the Trip 
their Homologous Sides. 


PROP. IX. 


Equal Pyramids have their Baſes and Altitudes reciprocal : 
And thoſe Pyramids which have their Baſes and aAltitudes 
reciprocal, are equal. 


Suppoſe the Pyramids to be equal. 
If the Pyramids A B, CD, be Triangular. 
PREPARATION. 

Ere& upon their Baſes A, C, Triangular Priims, of the 
ſame Heights E B, FD, with . 
them; ſo (they being (.) Tri- "Mx. 
ple of the equal Pyramids) will 
thoſe Prifes bb alſo equal. BN 
I ay, A: C:: D: E B. 
DEMONSTRATION. 


A:C::FD:EB, Cor. 34. 11. Q. E. D. 


If the equal Pyramids be Polygonal; their Baſes and 
Altitudes wil l * | 


1 


E 


| D E. 


OF oo = 
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| 
| 


Hy. 


Caſe | 


1 — 3 
Caſe 


N | 


Heights EB, FD, with them; to 


2 A8 = CD. Ax. 14. Q. E. D. 


253 
| DEMONSTRATION. 
Imagine the given Polygonal Baſes, to be (25. 6.) re- 
ſolved into Triangular Bates, equal to them ; and upon thoſe 
Triangular ' Baſes, imagine Triangular Pyramids to be e- 
rected, of the fame Heights with the given Polygonal Py- 
ramids; fo (Cor. 1. 6.) will they bs equal to the equal 
Polygonal Pyramids, and ——— to one another; 
Since therefore thoſe equal Triangular Pyramids, have (Caſe 
1.) their Bates and Altitudes reciprocal, the given Polygo- 
nal Pyramids, their Equals, will alſo have their Baſes and 
Altitudes reciprocal. Q, E. D. 


Suppoſe the Pyramids to have their Baſes and Altitudes. 


If the Pyramids AB, CD, be Triangular. 
Erect upon their Baſes A, C, Db 
Triangular Priſms, of the ſame . 


reciprocal | 


(7.) will thoſe Prifms be among 
themſelves, as 3AB to 3 CD. 


3AB=—3CD: Cor. 34. IT. 


B —— 2 +445 +9 
* 7 
9. . 4 
l 6 * * 
* 


If the Pyramids be Polygonal; they will be equal. 
| DEMONSTRATION. . 
Imagine the given Polygonal Baſes, to be (25. 6.) reſol-- 
ved into Triangular Baſes, equal to them-; and upon thoſe 
Triangular Baſes, imagine Friangular Pyramids to be e- 
reed, of the ſame — wich the — Polygonal. Pyra- 
mids ; ſo (Cor. 1. 6.) will they be equal to the given Polygo- 
nal Pyramids, and have their Baſes and Altitudes reciprocal. 
Since therefore thoſe Triangular Pyramids are (Caſe 1.) e- 
qual, the given Polygonal Pyramids, their Equals, will be 


15 equal. Q. E. D. 


871 coROE 
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| 
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| 


COROLLARY: 


Becauſe ( 7.) every Priſm is Treble of the Pyramid, that 
has the ſame 9A and Height with it ; — they wn: Rib 
have their Baſes and Altitudes — — And thoſe Priſms 
which have their Baſes and Altitudes reciprocal, are equal. 


LEMMA IV. 


If the firſt Term of never ſo ay —— Proportio- 
nals, A, AR, ARR, A RRR, &c. ad Infinitum, be 
ſubtracted from the laſt, and the Remainder divided by 
the Ratio leſſened by Unity, the Quotient will be equal to 
the Sum of all the Terms except the laſt. 


PREPARATION 


Let the Number of Terms be called N, the laſt Term 
L, and the Sum of all the Terms except the laſt 8; ſo will 
s be = A+AR+ARR=*P* =; as will appear 


by multiplying R — 1 into A+ AR+ ARR. 


10. = 00 
DEMONSTRATION. 


I |L = AR»—=1- 
[L—A=AR—_!' A. ex. 12. 


LEA _ AR»1A 


> ha | © 
r 
4 = GS, Ax. 1. Q. E. D. CO- 


R — 1 


9 


t 
5 


m 
l 


ar 
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COROLLARI ES. 


In a continued Series of Fractions +, +, +, ru Ec. de- 
creaſing in a Duple Proportion ad Infiritum, it you take 
them backwards, you may juſtly reckon a Cypher, or c, 
for the firſt Term, (for between + and o, there may be 
an infinite Number of ſuch Terms,) and the Sum of all 
the Terms except the laſt will be = + ; for ſubtracting 
the firſt o, from the laſt :, and dividing the Remainder , 
by the Ratio leſſened by Unity, that is, by 1, which di- 
vides Nothing, the Quotient , is (Lem. 4.) the Sum of 
all the Terms, except the laſt, 


The Sum of „„ + Ar + rer Ce. decreaſing in a Qua; 
druple Proportion ad Infinitum, will be ; for ſubtracting 
the firſt Term o, from the laſt r, and dividing the Remainder 
25 by the Ratio leſſened by Unity, that is, by * the 
Quotient 3, will (Lem. 4.) give the Sum of all the Terms 
except the laſt. This therefore (viz. r) being added, the 
Sum of all will be = 44 = + > | 


Wherefore : — 5 — + — e, Kc. ad infinitum, or — 
+ > + + + +7 &c. ad Infinitum, will (Cor. 1.) be So; 
alſo tt = % — wir r, &c. ad Infivitam, Of — 
52 + % + Ar + Tire &c. ad Infinitum, will (Cor. 2.) 
= ©. 


L EMMA V 


The Sum of a Series of Quantities, proceeding in a Dus 
plicate Arithmetick Progreſſion from 1, 4d Inn, that 
is, 1, 4, 9, 16, Ec. the Squares of Numbers in an Arith- 
metick Progreſſion 1, 2, 3, 4, Cc. is Subtriple of the Sum 
of as many Terms equal to the greateſt, as is the Number 


jt Terms, 


DE. 


— 
4 — 
= - 
- 
2 
”" 


«> Tm—_ IO RO 9 — 
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DEMONSTRATION. 


The Sum of three Terms, 1, 4, 9, = 14, is to thrice 


s = 27, (dividing both Sides by 9) as 15, or 122, or 


I ++ + *r to 3. 


The Sum of Six Terms 1, 4, 9, 16, 25, 36, = 91, is 
to Six Times 36 = 216, (dividing both Sides by 72) as 


11 ++ ＋ „ to 3. 


The Sum of twelve Terms 1, 4, 9, 16, 25, 36, 49, 64, 
$1, 100, 121, 144, = 650, is to Twelve Times 144 = 
1728 ( dividing Sides by 576) as 1 + + + +r 
to 3. | | Ti av 


The Fraftions adhering to them thus conſtantly decreaſ- 
ing, ſome 2 half Parts, others by three Quarters, (for 
Ar is s therefore the firſt Decrement is „r,; and , is 
A therefore the ſecond Decrement is ++; 3) the Sum of 
an infinite Series, will be to the Sum of as many Terms 


equal to the greateſt, 


81+: +-7 
nn 72 


_ 1 — re 


| — 2 fc. — r, Oc. to 3, that is, (Cir, 3. Len. 4) 
as 1 0 3» Q E. D. 


C O- 


4 a as a —_—_  ——— —— 


* 
2 ——ů — 2 2. 


+ > — 
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-1 ; wg 
COROLLAR Y. 


* 


% 


* * 1 
F 3 # Y , 7 —_ 
4 , 
- 
"| 


Hence, if we ſuppoſe the Axis AE, either of a Right, 
or Inclined Cone A Z X, to be divided into equal and in- 
definitely many Parts, by as many purallel Right- lines 
Z X, the Lines Z X, will (it being (Scho. 3. 4. 6.) as 
AB: AC:: BZ: CZ:: BX: CX, and AD: AE:: DZ: E 
IZ:: DX: EX.) be as the Numbers 1, 2, 3, 4, Ce. and their 
Squares, or (2.) the Circles conſtituted on the Diameters 
Z X, as 1, 4, 9, 16, Oc. | 


| Whence all thoſe Circles, or the whole Cone AZ X, 
(made up of the fame) will be Suhtriple of as man 
Circles equal to the Greateſt, conſtituted on the great 
Diameter Z. EX, that is, Subtriple of a. Cylinder whoſe 
Baſe is Z EX, and. Axis or Altitude AE. | 
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ROE E 
Every Cone is the third Part of a Cilinder of the; 

| and Altitude | 179 . 

IV | This is Demonſtrated, Cor. Lem. 5. 


COROLLAR Y. 


- Becauſe the Solid Contents of Cylinders, may (Cor. 1. 
Def. 2.) be learnt, by multiplying their Baſes into their 
pe icular Altitudes, and every Cone is the third Part of a 

ylinder, of the fue Baſe and Altitude; therefore the 
Solid Contents of Cones, may be learnt, by multiplying a 


ſchird Part of their Baſes into their 
A * | PROP. XI. 


* 


 Cilinders and Cones, of the ſame Altitude, are as their 


PREPARATION. 


Let the Citcular Baſes, of rhe Cylinders and "Cones, be 
(Cor. 2. Lem. 2.) expreſſed by XZ X, and +YZY, and 
their equal Altitudes by A; fo (Cor. 1. Def. 2.) will the 
Cylinders be among themſelves, as AX ZX to- ATZ], 


| and (Cor. 100 the Cones, as ; AX ZX ws A YZY. 


I ſay, 2 ZT: PZ Y:: AK Z: 2 122 AK TR: 
1 YZY:::AXZX::AYZP 


DEMONSTRATION. 


ZX. TZI: : AX ZX: AYZY. Ln. 2. 5. 
ZX: TZI: : AXZ X: ATZ T. Lew. 2.5. 
F r e:: A 
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Similar Cylinders and Cones, have their Altituder proper. 
tional to the Diameters of their Baſes. ; 


PREPARATION. 


= ; bs Cylinders and Cones are Right, their Axes or 
Altitudes, will (Def. 6.) be proportional to the Diameters of 
= Roles; if Inclined, from the Points A, E, of their 


being (Ax. 21.) HK, 245K 6. 
KH) will BARE be N . 32. 1.) r s 


H 
and conſequently the Triangles ABE, FKH, will be E 
quiangular. 


1 ay, CD:GA::AE:FY. 


DEMONSTRATION. 


AB:FK::CD:GI. ors | 
AB:FK::AE:FH. 3. 4. 6. 


CD:GA;;AE;FD, t < a E. D 
4 


| PROP. 
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| B, F K, upon the Diameters of their Baſes C D, 
72 De ndiculars A E, F H, ſo 


— 0 * = 
* of Fi * 145 
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Idy X and I, and their Baſes 


their Altitudes be repreſented by A and a; ſo (Cyr. 1. Def. 
| 2.) will the Cylinders be among themſelves as * 2 
to 2 J, and (Cor. to: the Cones as ANKTX to 


= 4 Ma 


| DEMONSTRATION. 


5, |8.X0: :8 Yo; KK,; Sc «5. 


* 


— — ö 


Tf if 


Bocuvs ELnMenTs, Bo 6 has 
TH FA PRO. XII. | 
Similar Cylinders and Cones, are in the Friplieate Ratio, 


| [or as the ubes of the Diameters of their Baſes, 


PREPARATION, 


The ant nete of the "Circular Baſes, of 'the Simi- 


lar Cylinders and Cones, re, hs TEIN F * 
T T et 


ö 


SZ Moreover the Diameters of their Haſes being 
Fx. and 2 Y, their Cubes, will be TX NN 8 * 
ſ: 


ay, rr ita rf app az zx 
ay 


2X:2Y::A:4 Lem. 6. 
:YA=2Xa. Lem. 1. 5. 
YA =X a Ax. 14. 

=* Ax. 14. 


+AXZX= 


„ Ax. 13. 
* 


TaXZXX 
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sx 81 : 1K Zx. ra IZ T. Sab. | 
SAXZX:28YZY;JAXZX:aYZY. Len. 2. Fo 
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Ice. 6.) in the ſume Nac as che Diameters of their Ba- 
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COROLLARIES. 
' Beeauſe the Axes of Similar Cylinders and Cones, are 


les ; therefore Similar Cylinders and Cones, are in the 
Triplicate Ratio, or as the Cubes of their Axes. 


Becauſe the Altitudes of Similar Cylinders and Cones, 
are (Lem. 6.) in the ſame Ratio, as the Diameters of their 
Baſes ; therefore Sirhilar Cylinders and Concs, are in the 
Triplicate Ratio, or as the Cubes of their Altitudes. 


| By: + 
If a Cylinder A B, be cut by a Plane C, parallel to its 
Baſe A, the Cylinders made by that Section, will le to one 


| another, as the Parts of the Axis AC, CB. 


| 3 

PREPARATION. 
Having let fall the Night-line BE, perpendicular to the 
Plane of the Baſe K, Which will be alfo perpendicular 
to the Plane of the Parallel Baſe C, let the Lines A E, 
CD, be made the common Sections of the two Parallel 
Planes A, C, and the Triangular Plane BAE; ſo (16. 
11.) will the two common Sections AE, CD, be paral- 
lel. Let A, C, the equal Circular Baſes of the Cylinders, 
be (Cor. 2. Lem. 2.) expreſſed by XZ X, and their Alti- 
tudes E D, D B, by A and 3; ſo (Cor. 1. Def; 2.) will the 
Cs be among themſelyes' as AX Z N to ra 


I fay, Ac: C:: AX ZT: Ar ZX. (/) 
DEMONSTRATION. 


E D: DB:: AC: CB. 2. 6. 
A:: Ac :e | 
A:a::tAXZX:3a4KAX Lem. 2. 5. 
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AC:CB:::AXZFE::aXtZF. 11.5. 
E. D. U 
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| 

If the Cylinders made by the Section are Right, then 
their Axes are their Altitudes A, a, and conſequently (Lem. 
2. F.) A147: TAX ZX. faX ZX. 12 8 hee 


PROP. XIV. 


Cylinders and Cones, which are conſtituted upon equal Ba- 
ſes, are to ene another as their Altituden. | 


PREPARATION. 


Let the equal Circular Baſes of the Cylinders and Cones, 
be (Cor. 2. Lem. 2.) expreſſed by X Z X, and their Alti- 


tudes by A and 3; fo (Cor. 1. Def. 2.) will the Cylin- 


ders be among themſelves, as + AXZX to 4@aXZX, 
and (Cor. 10.) the Cones as FAXZX to 5aXZX. 


[1 ay, aan aK KT Aa ZT AXLE:10X DEX. 


DEMONSTRATION. 


II. 
TAX ZX. Lem. 2. 5 i 
1214 ZX ::: AT ZT. 165 47 


PROP. 
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PROP. XV. 


 Ejual Cylinders BH, E K, and Cones BAC, EDI, have 
their Baſes and Altitudes reciprocal ; ſo that a BC:BE1:: 
DF:AG. And thoſe Cylinders BH, E K, and Cones BAC, 
EDI, which have their Baſes and Altitudes reciprocal, 


are equal, 


Suppoſe BH = EK. BAC=EDI. 


If the Cylinders BH, EK, and Cones BAC, EDI he 
Right, and ger their Altitudes D , AG, — 1 


"PREPARATION, 


DF being (Hyp.) = A G, and BH = EK, we Ratio of 
DF to AG is the fame with that of BH to EK, and 
conſequently (Def. 2. 5.) DF: AG:: B H: EK. 


I fay, BC: E N:: 2:46. (D 
DEMONSTRATION. 


DF = AG. * 
BC: EI:: BH: EK. 11. \G 
DF:AG::BH:EK. Def. 2. 5. G/ 
BC:EJ;:DF;AG, 11. 5. Q. E. D. 
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If the Cylinders BH, EK, and Cones BAC, ED], 
be Right, and have their Altirudes D F, AG, unequal. 
PREP ARATION. 


From the Greater DF, take OF = A G, and thro? O 


I ay, BC:EJ::DF:AG, 
DEMONSTRATION. 


DF:OF::EK:BQ. 14. 

OE AG Conſt, 
DF:AG::EK:EQ. Sal. 0 
BH=EK, | ES 
DF:AG::BH:EQ, 5b. B 
nls: 1. 


BE: E:: Df: 46. 22.5. Qs: 


the equal Cylinders and Cones be Inclined ; their 
Baſes and Das will be reciproal. 


DEMONSTRATION. 


N Ae Gin, Cylinders to be placed on the Baſes of 
of the fame Heights withi them; 

By (Cor. 2. Def. 2.) 2 vl ay be equal to the equal Inclin- 
ed C — er and conſe Nach- pin to one another. Since there- 
fore thoſe -ylinders, have (Caſe 1. and 8.) their 
nde 5 reciprocal, the Inclined Cylinders, their 
22 as alſo the Inclined Cones, (which C10.) are the 
irds of the equal Inelined Cylinders, of the ſame Baſes 
and 4 Altitudes,) will have their Baſes and 4 ltitudes reci- 
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Hp. 2.) Suppoſe BC:EI::DF:AG. Web} A 


Caſe] 1 If the Cylinders BH, EK, and Cones BAC, EDI, 
| be Right, and have their Altitudes DF, AG, equal. 


I fay, BY=EK. BAC=EDJ.- 


DEMONSTRATION. a; 
1j]DF= AG. Hyp. 
„e. 1. 2[BC:EI::BH:EK: 1t. 1 
Allo] 3]BC:EI::DF:AG. Hp. | | 
ge. 2. 3. 4[BH:EK::DF:AG. 11. 5. N | 
e. 4. 5]BH:DF::EK:AG. 16.5. 1 E 
e. 5. 1. 6jBH:AG::EK:AG. Sub. n 
e. 6. 7 |[BH=ERK. 9. 5. 
7 +2 8 BHS EK. Ax. 14. 
Allo] 9 |\BH=BAC,:EK—EDL 10. 
e. 8. 9.10 BAC SM EDI. Sub. 
we. 7. 10.11 BH SER. BAC ED. QE. D. | 
Caſe| 2| If the Cylinders BH, EK, and Cones BAC, EDI, 1 


[be Right, and have their Altitudes DF, AG, unequal. 


PREPARATION. 


| From the Greater D E, take / A VII B 
ſo AC, and thro? O, draw | 
| -[PQ||EI 
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Ire Prop. 16 and 17, becauſe too perplexing, and 
only ſerving 5 demomſi rate the next, that tal demonſtrate 
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Euclids ETTU nr Book XII. 
1 ig, BY=ER. BAC=EDJ, | | 
DEMONSTRATION. 
BC:EI::DF:AG. Hyp. Ty; 


OF—AG. Conſt. | 
BC: EI:: DF: OF. Sab. 


If the Cylinders and Cones be Inelined, and have their 

Baſes and Altitudes reciprocal, they will be equal. 

| 
DEMONSTRATION. 

Imagine Right Cylinders to be placed on the Baſes of 


the Inclined Cylinders, of the fame Heights with them ; 
ſo (Cor. 2. Def. 2.) will they be equal to the Inclined Cy- 


{ linders, and have their Bafes and Altitudes reciprocal. Since 


reſore thoſe Right Cylinders, are (Cafe 1 and 2.) equal, 
the Inclined Cylinders, their Equals, as allo the Inclined 


| Cones, (which (10.) are the Thirds of the Inclined Cy- 


linders, of the ſame Baſes and Altitudes,) will be alſo e- 


4 more caſie Way. | n 
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PROP. XVIII. 


Spheres ABCD, are in the Triplicate Ratio, or as the 
Cubes of their Diameters. | 


PREPARATION. 


Let the _ ABCD, be inſcribed in Cylinders 
EF GH, whoſe Altitudes AC, are equal to the Diameters 
of their Baſes FG, as alſo to the Diameters of the Spheres. 
Let the Semi-ditmerers of the Bafes of the Cylinders, be 
(Cor. 2. Lem. 2.) expreſſed by X and I, and their Cir- 
cular Baſes by : X ZX and LY ZY ; fo (the Diameters of 
their Baſes, or Altitudes, as alſo the Diameters of the 
Spheres, being 2 X and 2 V,) will the * be (Cor. 
1. Def. 2.) among themſelves, as X XZ X to IIZ I, and 
| [the Spheres (the Ratio of the Sphere to the Cylinder of 
' [the ſame Diameter and Altitude (Whatever it be) being 
expreſſed by N) as RXXZX w RYYZY. Moreover 
the Cubes of thę Diameters of the Spheres will be 8 XXX 
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